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Abstract. We study the behavior of the Etingof-Kazhdan quantization functors under the 
natural duality operations of Lie bialgebras and Hopf algebras. In particular, we prove that 
these functors are "compatible with duality" , i.e., they commute with the operation of duality 
followed by replacing the coproduct by its opposite. We then show that any quantization 
functor with this property also commutes with the operation of taking doubles. As an 
application, we show that the Etingof-Kazhdan quantization of some afHne Lie superalgebras 
coincide with their Drinfeld-Jimbo-type quantizations. 



We fix a field k of characteristic 0. Unless specified otherwise, "algebra", "vector space", 
etc., means "algebra over k", etc. 

Introduction 

In [EKl, EK2], Etingof and Kazhdan solved the problem of quantization of Lie bialgebras. 
For each Drinfcld associator $, they constructed a quantization functor : {Lie bialgebras} 
{quantized universal enveloping (QUE) algebras}, right inverse to the semiclassical limit func- 
tor. This functor can in fact be viewed as a morphism of props Qg, : Bialg — > S'(LBA). 
It was proved in [EKl] that is compatible with natural operations on finite dimensional 
Lie bialgebras and QUE algebras. Namely, if a is a finite dimensional Lie bialgebra, then 
gcE.(o*™P) ~ Q$(a)*™P and Q$(D(a)) ~ D{Q^{a)). Here for U a QUE algebra with finite- 
dimensional associated Lie bialgebra, U* denotes the QUE algebra associated to the quantum 
formal series Hopf algebra Hom([/, k[[/i]]) (see [Drl, Gav]); cop indicates the opposite cobracket 
or coproduct; S(o) is the double of a and D{U) is the double QUE algebra of U. 

In this paper, we prove that these isomorphisms also hold when a is infinite-dimensional. This 
will be proved as a consequence of statements about the prop morphism : Bialg 5'(LBA). 
One can explain the difference of our work with the relevant part of [EKl] as follows: the 
statements of [EKl] can be made into "propic" statements, involving the morphism Bialg 
^(LBA/in), where LBA/i„ is a "cyclic" prop (it has the same generators and relations as 
LB A, except that diagrams with cycles are allowed). Even though compatibility with duality 
and doubling operations can be formulated for the prop LBA, the proof of [EKl] uses diagrams 
involving cycles. 

Our scheme of proof is the following. We first prove that the EK quantization functors are 
compatible with duality. More precisely, we show that the behavior of w.r.t. a dihedral 
group of duality transformations is related to the duality transformation of associators. We 
then show that any quantization functor Q which is compatible with duality (i.e., satisfies the 
propic analogue of Q{a*'^°'P) ~ (5(0)*™^) is automatically compatible with doubles. The proof 
is a propic version of the following argument. Let a be a finite dimensional Lie bialgebra and let 
S)'(a) := Q~^{D{Q{a))); here is the dequantization functor {QUE algebras} {k[[?i]]-Lie 
bialgebras} inverse to Q. Since we have morphisms Q{a) D{Q{a)), Q{a)*'^°P D{Q{a)) and 
Q is compatible with duals, we have Lie bialgebra morphisms a — > 2D'(fl) and a*™^ — > S)'(a). 
By flatness, we then have S)'(a) = a ® a*'^°^; the structure of S)'(a) is then uniquely determined 
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by the brackets between a and a*^°P. While for a given a, these brackets could be such that 
D'(a) ^ ^(a), one can prove that the condition that these brackets arc propic imply a propic 
statement, which implies that S)'(a) ~ S)(tt)- 

More generally, one can prove using [El] that any quantization functor is compatible with 
duality; then Theorem 3.1 implies that it is also compatible with doubling operations. 

The results of this paper have several corollaries. First, they arc necessary ingredients to 
prove that when a is a Kac-Moody Lie bialgebra, Qti>(a) ^ U^'^{a)^ where U^''{a) is the 
Drinfeld-Jimbo quantization of o ([EK3]). In the final part of this paper, we show that these 
arguments can then be generalized to the case of some affine Lie superalgebras (these Lie 
superalgebras were introduced in [K, vL] and their quantum versions are due to [KhT, Yam]). 

Similarly to [EK3], this can be used for proving a Kohno-Drinfeld-type theorem for these 
affinc Lie superalgebras, namely the braid group representations arising from the monodromy of 
the KZ equations for with values in g-modules from category O are equivalent to those arising 
from the quantum i?-matrix of U^'-' {q). 

1. Reminders on quantization functors 

In this section, we recall the basic definitions in the theory of props, and the construction of 
Etingof-Kazhdan quantization functors (see [EH]). We then introduce some notions which we 
will use in this paper: prop bimodules, the dual of a prop, and the biprops LBA2 and Bialg^. 

1.1. Schur functors. Let Sch be the category whose objects are polynomial Schur functors, 
i.e., endofunctors F of the category Vect of finite dimensional vector spaces, of the form F{V) = 
©„>o ®,r£5„ Fn,Tr <8) P7r(l^®"), where for each n > and irreducible 5„-module tt, G 

is a chosen rank one projector in End(7r) C ®^,^g^ End(7r') = Q5„; in the above sum, the 
Fn_T: are finite dimensional vector spaces, which vanish for almost every (n,7r). Then Sch is 
an abelian tensor category, where morphisms are natural transformations. The set Irr(Sch) 
of irreducible Schur functors is in bijection with {(n, 7r)|n > 0,7r € >§„}; the bijection takes 
(n, tt) to {V P-k{V^^)). The category Sch is equipped with an involution, F*{V) := F{V*)*. 
As a tensor category, Sch is generated by the identity functor id, such that id(V) = V. The 
neutral object is 1 defined by 1{V) = k. We will also use the nth symmetric power functor 
5", the nth exterior power functor A", and the nth tensor power functor T„ = id®". We say 
thatF G Ob(Sch) has degree n if Fn',n' = for n' ^ n; we then denote by |F| the degree of F. 

Any R e Ob(Sch) gives rise to an endofunctor of Sch by Ob(Sch) 9 F i-> f o i? e Ob(Sch). 
For / G Sch(F. G), the corresponding morphism is f{R) = f o R £ Sch(F o R^G o R). By 
functoriality, one also defines a (in general nonlinear) operation Sch(F, G) — > Sch{Ro F, RoG), 

f ^ Rif)- 

We also define a completion Sch of Sch, where objects are functors Vcct Vect (where 
Vect is the category of vector spaces), of the same form as above, except that the condition 
that almost every F„^^ vanishes is dropped. Then Sch is again a tensor category equipped with 
an involution. The symmetric algebra functor S = ®n>0'S'" is an example of an object of Sch. 
The composition o F is an object of Sch if: (a) i?, F G Ob(Sch), and F has vanishing zero 
degree component; or if (b) R G Ob(Sch), F G Ob(Sch). 

1.2. Props. A prop P is a symmetric tensor category generated by a single object; equivalently, 

it is equipped with a tensor functor ip : Sch P (also denoted x i-^ -t^), inducing the identity 
on objects; so Ob(Sch) = Ob(P). The prop P is characterized by vector spaces P{F,G) (for 
F,G G Sch), composition maps o : P{F,G) (8) P{G,H) P{F,H), external product maps 
M : P{F, G) ® P(F', G') ^ P(F ® F', G ® G') and ip : Sch(F G) ^ P(F, G). 

A Sch-prop P is a symmetric tensor category with the same properties, except that the 
tensor functor is now ip : Sch — > P. 
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If P is a prop and H e Ob(Sch), then we define a prop H{P) by H{P){F, G) = P{FoH,Go 
H). If P is a Sch-prop and H G Ob(Sch), then one defines similarly a prop H{P). 

If P, Q are props (or Sch-props), a morphism / : P ^ Q is a functor such that f o ip = iq- 
If P is a prop, then a prop ideal of P is a collection I{F,G), such that the projection P/I 
defined by {P/I){F, G) := P{F, G)/I{F, G) is a prop and the canonical projection P P/I is 
a prop morphism. If /, J C P are prop ideals, then the product IJ is the smallest prop ideal, 
such that /J(P, G) contains both J(P, G) and J(P, G). If a; e P(P, G), we denote by {x) C P 
the smallest prop ideal of P such that x G {x){F, G). 

Similarly to algebras, props can be defined by generators and relations (see [EH]). 

If 5 is a symmetric monoidal category, and V € 0b(5), then one defines a prop Prop(V^) by 
Prop(y)(P,G) := S{F{V),G{V)). A P-module (in the category S) is an object V equipped 
with a prop morphism P — !■ Prop(y). The P-modules form a category; one reovers in this way 
the categories of Lie bialgebras, QUE algebras, etc. 

Let P be a prop (or a Sch-prop). If ^ G P(id, id), then there is a unique collection 
(CF)FGOb(Sch), where S P{F,F) is such that ^f^g = ^ and for x G Sch(P, G), 

o x^ = o (this construction, called infiation, is carried out in a the more general 
setup in Section 1.10). We also have (C ° '?)f = ° tjf, so if ^ is invertible then so are the 
^F (recall that the P{F,F) are algebras with unit). We have a unique automorphism Inn(^) 
(we call it an inner automorphism), whose action on P{F, G) is a i— » o a o The map 
P(id, id)^ Aut(P) is a group morphism. 

1.3. The structure of some props. The prop LA of Lie algebras is generated by /U G 
LA(A^ id) and the Jacobi relation /x o (/z Kl idid) o ((123) + (231) + (312)) = 0. The prop LCA 

of Lie coalgcbras is generated by (5 G LCA(id. A^) and the co- Jacobi relation ((123) + (231) + 
(312)) o {6M idid) = 0. The prop LBA of Lie bialgebras is generated by ;U G LBA(A^,id), 
5 S LBA(id, A^), the Jacobi and co-Jacobi relations, and the cocycle relation 5 o ^ = ((12) — 
(21)) o (^ H idid) o (idid o ((12) - (21)). 

We then have prop morphisms LA — > LBA and LCA — > LBA, taking fi, 6 to their homonyms. 
Composing these inclusions with composition, we get a map 

ezei„(Sch) LCA(F, Z) LA{Z, G) ^ LBA(P, G); 

one shows that this map is a linear isomorphism ([E2, Pos]). More generally, one shows that if 

(Pj)i£/, {Gj)jQj are finite families of Schur functors, then the map 

(1) 

®(z,,.),„eirr(Sch)^x-'(«'ie/ LCA(Pi, ®jejZij))®{®jeJ LA{^i^iZij,Gj)) LBA(0iejPi, ^jejGj), 

taking (®ie7Ki)<8>((8)jejAj) to {Mj(zjXj)oa}'^j^o{Mi(,jKi) (where ajj G Sch.{^i^i{^j^jZij), ^j^j{^i^iZij)) 
is the map ®i£i{®jejZij) i— > ®j<^j{®ii=iZij)), is a linear isomorphism. 

The props LA and LCA give rise to Sch-props LA, LCA, where for F,G G Ob(Sch), 
LA(F, G) = ®a,i3 LA(Pa, G/3) {Fa is the degree a component of F) and LCA(F, G) is defined 
in the same way. 

The prop LBA is graded by (with |/Lt| — (1,0) and \5\ = (0, 1)), which implies that it can 
be completed to a Sch-prop, given by 

LBA(F, G) = ezei„(Sch)LCA(F, Z) ® LA{Z, G) 
(here © is the direct product). We have also 

LBA(0i£/Fi,0jejGj) = ©(2y)._^.gi„(s^h)^><-'(®»e/l^CA(Fi, (8)j£jZij))(8)(0jejLA(0i£/Zij, Gj)). 

The prop Alg of associative algebras is generated by 77 G Alg(l, id) and m G Alg(T2, id), with 
relations mo (77 Kl idid) = mo (idid ^v) = idid, and rno(mKlidid) = mo (idid ^m) (associativity). 
The prop Coalg of associative coalgebras is similarly generated by £ G Coalg(id, 1) and A G 
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Coalg(id, T2), with relations (£Klidid)oA = (idjd Me)oA = idid and (AKidid)oA = (idid KIA)oA 
(coassociativity) . The prop Bialg of bialgcbras is generated by m, A,?7,e as above, with the 
same relations and the additional compatibility relation^ A o m = (m Kl m) o (1324) o (A lEl A). 

Applying to id?)'*^'^ — 77 o e G Bialg(id, id) the inflation procedure (see Section 1.2), we 
construct for any Z G Irr(Sch) an element (id|^"''^ — 77 o e)^ G Bialg(Z, Z) (shortly denoted 
(id —T] o e)z)- We have prop morphisms Alg — > Bialg and Coalg Bialg, taking m, t] and A, e 
to their homonyms, which give rise to a map 

(2) ez£irr(Sch) Coalg(F, Z) ^ Alg(Z, G) ^ Bialg(F, G) 

by (Bzcz'S^az 1-^ '^z ° (id —V°^)zocz- One can show that this map is a linear isomorphism. 

More generally, if {Fi)i^j and {Gj)j^j are finite families of objects of Sch, the map 

(3) 

®(z„)i,,eirr(Sch)^x-'('^ie/ Coalg(Fi, ®j^jZij))®{(^j^j A\g{® i^iZij,Gj)) Bialg(Oi£/Fi, ®jejGj) 

direct sum of {®^eIC^) ® {^j^jaj) >->■ (Mj^jaj) o af'f^ o Mi^i{^j^j{id -r] o £)zy ) o (Klje/C,) is 
a linear isomorphism. 

We then define the completed prop Bialg := lim<_ Bialg / (id?j"^'* — ryoe)" (the prop ideal (a;)" 
has been defined in Section 1.2). Then one can prove that the isomorphism (2) 

Bialg(F, G) ~ ezeirr(Sch) Coalg(F, Z) O Alg(Z, G). 

More generally, the isomorphism (3) extends to an isomorphism 

Bialg((8)ie/i=i, ®jejGj) ~ e(z„),_ ,ei„(Sch)^x-'(<^ie/ Coalg(Ji, (8>je7^ij))(8)((8>j£j k\g{®i^iZij,Gj)). 

If iS = {topologically free k[[/i]]-modulcs}, then the category of 5-modulcs over Bialg is {QUE 
algebras}; if »S = {k[[?i]]-modules of the form where ^ is a pro-vector space}, then this 

category is {QFSH algebras}. 

Wc define Hopf as the prop with the same generators and relations as Bialg, with the addi- 
tional generator a G Hopf (id, id) (the antipode), and additional relations: a is invertible, 

TO o (idid ^a) o A = m o (a S idid) o A = idid. 

These relations imply m o = aomo (21), a^^ o A = (21) oAoa, £oa = e,aor] = ri (see 
[K]). 

The natural morphism Bialg — > Bialg factors as Bialg Hopf Bialg, where the morphism 
Hopf Bialg is such that a maps to r]oe — (id^^— 77 o e) + to'^^ o (id?p^— o e)^^ o A^^^ — 
TO(3)o(id||^-77oe)^-^oA(3) + ..., where m(3) = m o (m K idid), A^^) = (AHid||^)oA, etc. 

1.4. Definition of quantization functors. A quantization functor of Lie bialgcbras is a prop 
morphism Q : Bialg 5'(LBA), such that: (a) the composed morphism Bialg 5'(LBA) 
S'(Sch) (the second morphism is ^ — > 0, i5 ^ 0) is to to'^, A 1-^ A''', rj 1— > pro, e >— > injo, 
where to/'' G S'(Sch)(T2, id) = Sch(S'®2,S') and A'"' G S'(Sch)(id, Ta) = Sch(S',S'®2) arc the 
universal versions of the product and coproduct map of the symmetric algebra S{V), where 
y is a vector space; and pro G Sch(5', 1), injo G Sch(l,S') are the canonical projection and 
injection; (b) the element^ pr]'^^ o Q{m.) o (mj^^^)^^ q inj^2 G LBA(A^,id) equals /i, the 
element pr^2 o (pr^^^)^^ o g(A) o inj^^^ G LBA(id, A^) equals 6 (here pr^2 G Sch(T2, A^) 
and inj^2 G Sch(A^,T2) are the canonical morphisms corresponding to the decomposition 
T2 = 52®a2). 



^We denote by ((T(l)...a{n)) the permutation a, which we view as an clement of Sch(_F®", F®") is F is a 
Schur functor (here F = id) and we denote in the same way its image by ip in P(F®"', F®") (here P = Bialg). 
■^We denote by pr^ 6 Sch(5, S^) and mjfc £ Sch(S'°, 5) the canonical projection and injection. 
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One proves that any quantization functor Q : Bialg — > S'(LBA) factors uniquely as Bialg — > 
Bialg S'(LBA), where the induced morphism Bialg ^(LBA) (also denoted Q) is an 
isomorphism (see [EK2, EE]). 

1.5. Schur multifunctors. If 7 is a finite set, then Sch/ is the category of polynomial functors 

Vect^ — > Vect, i.e., its objects are the functors of the form (I^)ig/ ^ ®ini,iT^)^ei -^ini-TTi)iei ® 
{(SiieiPi{yf'"^ j) , where the F(^ni,wi)isi a^^e almost all zero. We let Sch/ be the category whose 
objects are functors Vect^ — >■ Vect of the same form as above, except that the vanishing condi- 
tion is dropped. If / = 0, then Ob(Sch0) C Ob(Vect)(°''(v°=*)") = Ob(Vcct), and by convention 
Ob(Sch0) = Ob(Sch0) = Ob(Vect); we denote by i G Ob(Sch0) the object corresponding to 
the base field k. 

The category Sch/ (as well as Sch/) is equipped with a duality autofunctor F*((Vj)jg/) := 
FiiV*Uir- We set Sch,, := Sch{i^...,,}, Sch,, := Sch|i,...,„}. 

Define a natural transformation Kl : Sch/ x Schj Sch/uj, (FKG)((Vfe)fcg/uj) := F{{Vi)i^i)(S' 
G{{Vj)j^j). The irreducible objects of Sch/ are then the ^i^jZi, where (Zi)jg/ e Irr(Sch)^. 

We define a functor (g) : Sch/ Sch, taking A : Vect/ Vect to j4 o diag, where diag : 
Vect —>■ Yect' is the diagonal embedding. Then (8)(Kljg/Fj) = ^i^jFi. 

Define the tensor category of Schur multifunctors Sch(i) by Ob(Sch(i)) := U„>o Ob(Sch„), 
Sch(i)(i^,G) = Sch„(J^,G) if F,G 6 Ob(Sch„) and Sch(i)(F,G) = if F G Ob(Sch„), G G 
Ob(Sch„/) with n' ^ n, and the tensor product is {F,G) i-^ F^G, where the identification 
{1, ...,n} U {1, ...,m} ~ {1, ...,n + m} is given by i i— > i for i e {1, ...,n} and i i— > n + i for 
i G {1, m}. 

We define the tensor category of Schur multibifunctors Sch(i_|_i) by Ob(Sch(i_|_i)) = Up^g>o Schp+g. 
We denote by ^ : Ob(Sch(i))^ — > Ob(Sch(i_|_i)) the map obtained from lEl : Schp x Sch, — *■ 
Schp+g. For F,Gg Ob(Sch(i)), 

Sch(i+i)(FlG,F'MG') := Sch(i)(F, F')MSch(i)(G, G'). 

The tensor product is defined by (F^G) (g) {F'MG') := {F^G)M{F%G'). The tensor category 

Sch(-]^_i_]^-) is defined in the same way. 

1.6. (Quasi) multibiprops. A multibiprop P{i+i) is a tensor category equipped with a ten- 
sor functor ip(i+i) Sch(i_|_i) — > P(i_|_i), inducing the identity on objects. More explicitly, we 
have composition maps P(i+i)(F, G) (X) P(i+i)(G, iJ) P(i+i) (F, iJ), external product maps 
P(i+i)(P,G) ®P(i+i)(P',G') P(i+i)(P®P',G® G') and maps zp,,^,, : Sch(i+i)(P, G) ^ 
P(i+i)(P, G), satisfying some axioms. 

In the case of a quasi- multibiprop, the composition maps are P(i_|_i)(P, G) (g) P(i_|_i)(G, H) D 
D{F, G, H) P(i_,_i) (P, H), where D{F, G, H) is a vector subspace of P(i+i) (P, G)(8)P(i+i) (G, H); 
the above axioms (e.g., associativity) should be satisfied when the involved expressions make 
sense. 

1.7. Traces in some props. If I, J are finite sets and S C / x J, and for A G Ob(Schj^), 
B G Ob(Schj), we define 

LBA^(A,P) c LBA((8)(A),(8)(P)) 
as follows, li A = lEljPj and B = ^jGj, where P^, Gj G Irr(Sch), then 

LBA^(AP) ^ ®z„\z.,=i if (^,,)^sLCA(P„«) 

under decomposition (1). We extend this definition to any ^, S by linearity. We define in the 
same way LBA^(A,B) for A G Ob(Sch/), B G Ob(Schj). 

If /, J are finite sets, a £ I Ci J, and E C / x J is such that (a, a) ^ S, define la '■= I — {a}, 
Ja:= J - {a} and E(a) C la x Ja as S(a) := G S, or {i,a) and (a, j) G E(a)}. 
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Then for A G Ob(Sch^J, B e Ob(Sch^J, F e Ob(Sch), we view / as /aU{a}, J as JaU{a}, 
AM F (resp., B M F) as an object in Sch/ (rcsp., Schj) and we define a trace map 

trp ■■ LBA^ {AMF,BMF) ^ LBA^^'^) {A, B) 
by the condition that the diagram 

LBA^(^ mF,BmF) — ^ LBA^(")(A, B) 




©Zi,|Zi,=iif(jj)eE 
LCA(A,, ®j^jZ,j)) ® LCA(F, ®j^jZaj) 
J LA(®,gjZ,j , Bj)) ® LA(«),gjZ,a, F) 

commutes, where the diagonal map takes {®i^iKi)®Ka®{®j\j)®\a to {Mj^jXj)o{Tj\ ^)^^^o 
{a\y K (k„ o Aa)) o r^BA ^ (^.g^^.) g LBA(®(A), ®{B)) (sec [EH]). Here 

e Sch((8)ig/^((Xijgj2'y), (8)ig/^((g)je,/^Zy) ® ((g)ig/^Zjo)) 

is the map ^ieiai^jeJa^ij) ^ieiai'^jeJa^ij) ® (<8ii6/„2ja)- 

This map extends to a trace map tr^ : LBA^(A lEl F,B Kl F) LBA^^''^(A, B) for A e 
Ob(Sch/), F e Ob(Schj), F e Ob(Sch). 

Trace maps can also be constructed in the case of the prop Bialg. We define similarly 
Bialg^(A, B) c Bialg((8i(A), ®(-B)) by selecting the analogous components in the decomposition 
(3). We then define a map 

trF : Bialg^(y4 MF,BmF)^ Bialg^("^(y4, B); 

the diagonal map is then 

(Oi£/<.Ci) c„ i^jeJaaj) ® «a ^ H£Ja«i) ° (^j;l,a)'''^'^ ° (id®,6.j0,g,,x,,) ^(^jejjid -r/ o e)zj) 
o (af;f)^ m {ca o aa)) o rf;^^ o (K^e j(id -r? o e)z,, )) o {Mi^i^a) e Bialg(®(A), ®(S)) 

This map extends to a trace map 

trp : Bialg^(A Kl F, B K F) ^ Bialg ^<°)(A, B), 

where Bialg^(>l, B) is the direct product of the summands of Bialg^(A, B). 

If now I, J are finite sets, a,b S I D J are distinct, and E c / x J is such (a, a) ^ S 
and (6,6) ^ S(a), then (&, 5) ^ S and (a, a) ^ S(&), so that E(a)(&) and S(6)(a) are both 
defined; moreover, S(a)(&) = S(6)(a); we denote by I](a, 6) this set. If now A G Ob(Sch/^_(_), 
B G Ob(Schj^ J, F,G Ob(Sch), then tr^ otrc = trc otr^ (equality of maps LBA^(A MFM 

G,BmFmG) LBA^("'^)(vl, B)). The maps tr^, trc defined in the case of Bialg (and of 

LBA, Bialg) have the same property. 

This property allows to generalize the trace map to the following setup. Let /, J be finite sets 
and K G I n J. Let S C / x J be such that there is no finite sequence (fci, kp) of elements 
of K such that (fci,A;2) e S, (kp^ukp) G S, ikp,ki) G E. Define S(K) C {I - K) x {J - K) 
be the set of such that there exists a (possibly empty) sequence (fci, kp) of elements of 
K, such that {i,ki) G S, (fci,A:2) e E, (fep,j) G S. 

If A G Ob(Sch/_K), B G 0b(Sch7_K), and Ff. G Irr(Sch) for each k £ K, we define a trace 
map 

tm.^^F^ : LB A"" {A m{mkeKFk),Bm{mkeKFk)) ^ LBA^W(A-B), 
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by tr^j.^^^^^ = oi^^i(tTpi_ (the order is irrelevant). This generalizes by linearity to a trace map 
tr^ : LBA^{A K F, S K F) LBA^^^\A,B) for any F € Schif. One defines similar trace 
maps in the cases of LBA, Bialg and Bialg. 

The above property then generalized as follows: if /, J are finite sets, ii K, L C I H J 
are disjoint, and if E C / x J is such that S(J U K) exists, then for A g Ob(Sch/_(^u/^)), 
B e Oh{Sch.j_(^fcuL)), F € Ob(SchK), G e Ob(Schi:,), we have the equality 

(4) triT otrc = trc otriT = tr^TKlG 

of maps LBA^{A KFKG,SK1FK1G)^ LBA^^^^^\A, B). 

1.8. The qucisi-multibiprop 11. We define a quasi-multibiprop 11 over Sch(i_|_i) as follows. 
For F, G' G Irr(Sch(i)), we set 

n(F^G, F'MG') := LBA((g)(F) « ®(G')*, ®(F') ® ®(G)*). 

The external product map and the functor in : Sch(i_|_i) 11 arc obvious. Let us define 
the composition. If I, J, I', J' are disjoint sets, if F e Ob(Sch/), G' G Ob(Schj/), and if 
S c (/U J') X (/'U J), define 

n^(F^G, F'mG') := LBA^(F mG'*,F'mG*). 

We attach an oriented graph r(S) to S: vertices are the elements of 7U ... U J'; there is an edge 
from a; to J/ iff (a;, y) G E. 

Then if I", J" are disjoint and disjoint of I, J', and if E' C (/' U J") x (/" U J'), then E 
and E' are called composablc if the graph obtained by glueing r(E) and r(E') has no loops. If 
this is the case, define E" c (/ U J") x (/" U J) as the set of all pairs of vertice (x, y) related 
by a sequence of edges of the big graph. We then define a linear map 

[FMG, F'MG') ® n^' (F'HG', F"MG") U^" (FHG, F"KIG") 

as the map LB (F Kl G'* , F' Kl G* ) LB A^' (F' Kl G"* , F" Kl G'* ) ^ LB A^" (F K G"* , F" K G* ) , 
x^y^ trc'. {{y ^ id^f^.)) o (id|,f^,) ^<7|f^.),^(G".)) ° ^ id^fc".))) , where aF,G G Sch(F ® 
G, G (X) F) is X (El y y (E> X. This partially defined composition equips 11 with the structure of 
a quasi-multibiprop; in particular, the associativity of the composition follows from (4). 

In the same way, one defines a quasi-multibiprop 11 over Sch(i+i) by n(F^G, F'^G') = 
LBA(0(F) O <8)(G')*, ®(F') ® 0(G)*) and quasi-multibiprops H, H by 

n(F^G, F'MG') := Bialg((8>(F) (g)(G'*), (8)(F') 0(G*)), 

n(FMG, F'MG') := Bialg (0(F) 0(G'*), 0(F') 0(G*)). 
We will need the linear isomorphism 

n(FMG, F'MG') U{{G')*M{F')* ,G*mF*), x ^ x*, 

where F, G' G Ob(Sch(i)), given by the sequence of maps n(FMG, F'MG') ~ LBA(0(F) 
0(G'*),0(F') 0(G*)) ^ LBA(0(G'*) 0(F), 0(G*) 0(F')) ~ n((G')*M(-F'')*, GW*), 
where the middle map is x '^^f'),<s,{g*) ° ^ ° ^0fG'*),(8i(F)' where cta.b G Sch(^ B, B ^) 
is the permutation operator. 

We have {x o y)* =y* ox* . The isomorphism x ^ x* extends when 11 is replaced by 11. 

We then define an element mn Gn((5H5')®^, S'M>5'); for o a finite dimensinal Lie bialgebra, 
it specializes to the map (^(a) S{a*))®^ ~ t/(S)(a))®2^[/(2)(o)) =i ^(a) ^(a*), where 
S{a) -^(a*) ~ C/(S)(a)) is the tensor product of inclusions followed by product and the middle 
map is the product of 1){a). A graph for mn is given by the following set of edges, if the indices 
of the functors in the initial object (S'MS')®^ ^ (5'IE1S')M(S'K15') are (1+, 2+, 1-, 2-) and those of 
the final object SMS are (+, -): {edges of T} = {(1+, +), (2+, +), (-, 1-), (-, 2-), (2+, 1-)}. 



8 



BENJAMIN ENRIQUEZ AND NATHAN GEER 



It follows that both sides of the associativity identity mn " ("in id^gg]^) = mn o (ic^sKis Klmn) 
make sense; the identity holds. One shows that the possible definitions of the nfold iteration of 
mn all make sense and coincide; we denote by en((S'M'S')®", S^S) this nfold iteration. 

Wc define Aq Gn(S'M5', (S'HS')®^) ~ 1:BA{S®S®'^,S®'^®S) as the image of (A'^Hm^)^^^, 
where A'^ G Sch(5', S®^) and G Sch(S"^^,5') are the universal versions of the coproduct 
and product map of Siy), V a vector space. Then Aq specializes to the standard coproduct of 
[/(S)(a)), if a is a finite dimensional Lie bialgcbra. If the indices of the functors are as before, a 
graph for Aq is given by the set of edges {(+, 1+), (+, 2+), (1 — , 1), (2—, — )}. Hence both sides 
of the associativity identity (Aq K1 idg^^) o Aq = (idggig KIAq) o Aq make sense, and the identity 

holds. As in the case of mn, one denotes by Aq"'' the nfold iteration of Aq. 

We now define a "universal algebra" U„, :=n(iHi, (SKIS')®"). For x,y e U„, the composi- 
tion m^" o an,2{S^S)^ o{x^y) makes sense^ and we set a; ★ y := m^" o a" o (x Kl y). This 
defines an associative product on U„. 

To apartially defined map {1, m} D ^ {1, n}, one associates G n((5MS')®", (SMS)®™); 
then for any x G U„ , the composition Ag o a; G XJm is well-defined; the resulting (insertion- 
coproduct) map x ^ x"^ is an algebra morphism. We also denote x'^ by x'^ ni)v,<A 

If ci is a finite dimensional Lie bialgebra, then the collection of algebra morphisms Uy^ — > 
?7(X'(a))®" is compatible with the insertion-coproduct maps on both sides. 

Let r G U2 be the image of the element corresponding to the identity in n(i^i, (id^l) (g) 
{mid)) cn(iMi, (S'MS')®^) and Tij := r''^ G U„. Then the nj satisfy the classical Yang- 
Baxter relation [rij,rik] + [rij,rjk] + [rik,r.jk] — for i,j,k distinct. 

Let in be the infinitesimal braid Lie algebra ([Dr2]), generated by Uj, I < i ^ j ^ n with 
relations tij = tji, [tij,tik + tjk] = 0, [tij,tki] = for i,j,k,l distinct. We have Lie algebra 

morphisms t„ tm for each partially defined map {l,...,m} D {l,...,n}, x 1-^ x"^, 

defined by tij hh. ^^j/g^-i^j) j/g^-iQ-j ij'j' . Then we have an algebra morphism C/(t„) U„, 
defined by tij +rji (the hat denotes the degree completion of U(tn), obtained by assigning 

degree 1 to each tij). 

1.9. The Etingof-Kazhdan construction of quantization functors. Let ^{A,B) be a 

Drinfeld associator; this is a series in noncommuting variables A, B, which may be identified 
with an element $(ti2,i23) G U{ls). We recall the construction of a quantization fimctor 
= Q : Bialg S(LBA) attached to We have Q{e) = pro G LBA(S', 1) and Q{t]) = 
injo G LBA(1,S'). It remains to construct Q{m) and (3(A). 

One first constructs J G U2 of the form J = l — r/2-|-..., solution of 

Jl.2^jl2,3=j2,3^jl,23^^. 

WC denote by .I~^ the inverse of J in the group of invertible elements of (U2,*). One then 
defines Ad(J) G n((5M5')®2, (S'15')®^) by 

Ad(J) := (m(j^))^2 „ a2,3{Sm)^ o (JHAq M J^^) G U{SMS, (SMS)^^) 

A graph for Ad (J) is then given by the following set of edges (if the indices for the factors of the 
source and target (Sm)'^^ S^^MS^'^ are 1-^,2+, l-,2- and l'+,2'+, l'-,2'-): {i+,f+), 
{i'-,j-), (z'-./+)for {1,2}. 
It follows that the composition 

An := Ad(J) o Aq G U{Sm, {Sm)®"^) 



%ere and below, <7ij e Sch((id®*)®^', (id®-')®') corresponds to ®^^,^;^(®*,^ia;i/j/) 1-^ (S)l,^j^{(8)^j,^-^Xi,j,). 
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is well defined and admits the graph (if the indices of the factors of the source SMS and target 
(5M^)®' ^ ^^'M-S^' are+,- and 1+, 2+, 1-, 2-): (i-,-), forz,j e {1,2}. 

We also construct R := J^'^ ★exp^(f/2) ★ G U2 (exp^ is the exponential in the algebra 
(U2,*)). Then we have R = (R+ K1R_) o cang^^, where cang^^ e n(iHi, (S'Si) (gi (iMS)) ~ 
LBA(5, S) corresponds to ids, and R+ G n(S'li, SMS), R_ G n{iMS, SMS). 

There exist R^,."^' G 0(5^1, 5^5) and rL"^^ G n(iM6', S^S), such that R^"^^oR+ = 
id^J^j^, and R^^^ oR_ = id^gig. It follows from the quasitriangular identities satisfied by R 
that 

R^T^'omnoRf = R*_oAJ,o(21)o(rL-^'*)^2^ (R(r^')^2„AnoR+ = {R*_)'^^ om*^o{Ri-'^)* . 

Then we define nia G n(S'^i, as the common value of both sides of the first identity, 

and Aa G n((S'^i)®^, SMi) as the common value of both sides of the second identity. 

We then define Q{m) G LBA(S'®^,S') as the clement corresponding to rUa, and (5(A) G 
LBA(5, 5®^) as the clement corresponding to Aa. 

1.10. Prop bimodules. Let P,Q be props, then a ((5,-P)-prop bimodule M is a symmetric 
tensor category bimodule over the symmetric tensor categories Q and P, equipped with a tensor 

functor iM ■ Sch M , such that [iq, im, ip) define a tensor category bimodule morphism from 
Sch, equipped with its obvious (Sch, Sch)-bimodule structure, to M, equipped with its {Q,P)- 
bimodule structure. 

More exphcitly, M is a biadditive assignment iF,G) ^ M{F,G) for any F,G £ Ob(Sch), 
equipped with composition maps P{F, G) ® M{G, H) -* M{F, H) and M{F, G) ® Q{G, H) -> 
M{F,H) denoted a; 0y ^yox, external product maps M{F,G)®M{F',G') M{F®F' ,G® 
G') denoted x®y xMy and functorial biadditive maps iuiF, G) : Sch(i^, G) M{F, G), sat- 
isfying natural conditions; for example, the natural diagrams associated to P{F, G) (g)P(G, H) (g) 
M{H, K) M{F, K), P{F, G) ® M{G, H) Q{H, K) M{F, K) and M{F, G) Q(G, H) 
Q{H,K) M{F,K) all commute. 

One defines in the same way a prop left (or right) module over a prop P. 

If M is a prop module over a prop P, and H is a Schur functor, then H{M) is the prop 
module over H{P) given by H{P){F, G) = P{FoH,GoH) and tjj : Mi ^ M2 is a prop module 
morphism, then H{tp) : H{Mi) H{M2) is defined by H{tP){F, G) = ip{F oH,Go H). 

Let M be a {Q, P)-prop bimodule. 

Proposition 1.1. For any ^ G M(id, id), there is a unique system {^F)FeSch, such that S 
M{F, F), and: if x G Sch(F, G), then iqix) o^p = ip{x), ^f^g = ^fM ^g, and ^id = 

Proof. The construction of S^p is a generalization of that of [EH], Section 1.11. li Z E Irr(Sch) 
has degree n, we denote by prz G Sch(T„,Z) and injz G Sch(Z, T„) morphisms such that 
prz ° injz = idz. Then we set ^z '■= iqip'i'z) ° ° ipiinjz)- K F G Sch decomposes as 
F = ®zeirr(Sch)Fz Z, where Fz is a multiplicity space, then ■= Z^zeirr(Sch) i^Fz O^z e 
ez£irr(Sch) End(Fz) ® M{Z, Z) c M{F, F). □ 

1.11. The dual prop, (anti) automorphisms of a prop. If P is a prop, define its dual prop 
P* by P*{F,G) := P{G*,F*). For x G P(P,G), we define x* G P*{G*,F*) as the element 
X G P{F, G). The prop operations of P* are defined by y* o x* := {x o y)*, y* lEl a;* := {y M x)*, 
ip* = ip o t, where t : Sch Sch* is induced by transposition; more precisely, for F,Gg 
Sch, tp^G ■■ Sch(P,G) ^ Sch*(P,G) = Sch(G*,P*) is the map ©zeirr(Sch) Hom(Pz, Gz) 
®zeirr(Sch) Hom(G^, F^) induced by transposition. 

A prop morphism f : P —> Q induces a dual morphism /* : P* —>■ Q* , defined by 
f*[x*) = f{x)*, with {g o /)* = g* o f*. We denote by Aut(P) = Aut+(P) the group of 
prop automorphisms of P, and by Aut_(P) := Iso(P, P*) the set of prop isomorphisms from P 
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to P*. Set Aut±(P) := Aut+(P) U Aut_(P). Then elements of Aut±(F) can be composed by 
g»f-=9°fiif^ Aut+(P), 5 • / := 5* o / if / e Aut_(P). Then Aut±(P) is a group, and 
we have an exact sequence 1 — > Aut+(P) Aut(P) — > {±1} — > 1. 

1.12. Biprops. We define Schi+i as the symmetric tensor category whose objects are Schur 
bifunctors, i.e., objects of Sch2, and 

Schi+i(PKIG, F'MG') := Sch(F, F') Sch*(G', G") Sch(P, F') (g) Sch(G, G'). 

as transposition gives rise to a prop isomorphism Sch ~ Sch*. We denote M : (Sch)^ Schi+i 
the natural functor, so the object F M G oi Sch2 is denoted FMG when viewed as an object 
of Schi+i (and M : Sch(P, F') «) Sch(G, G') Schi+i(PHG, F'MG') is the natural map). The 
tensor product is given by (FMG) ® {F'MG') := {FMF')M{GMG'). One defines similarly a 
tensor category Schi+i, where the objects are those of Sch2. We define fmictors A, : 
Sch ^ Schi+i, by A(F) := ((V, W) ^ F{V W)) and A^(F) := {{V, W) ^ F{V (g W)). 

A Schi+i-biprop is a symmetric tensor category IIi+i, equipped with a morphism Schi+i — > 
IIi+i, inducing the identity on objects. One defines similarly Schi+i-biprops. 

If -B £ Ob(Schi+i) and IIi+i is a Schi+i-biprop, then B{Ili+i) is a Sch-prop defined by 
B(ni+i)(P,G) :=ni+i(FoB,GoB). 

1.13. The biprop P2. Let P be one of the props (or Sch-prop) LBA, LBA, Bialg, Bialg. For 

F, G, F', G' e Irr(Sch), we set 

P2iFMG,F'MG') := P^ (F M G'* , F' M G*), 

where S = {{F, F'), {F, G*), (G'*, G*)}. We extend this definition by hnearity to define P2{B, B') 
for B,B' G Ob(Schi+i) (Ob(Schi+i) in the case of LBA). 

More explicitly, let G P, O — > P be the prop morphisms and e G P(id, id) the element 
such that for any {Fi)i^j, {Gj)j(zj in Irr(Sch), the map 

®Zi,eIrr(Sch)(®JG/G(Pj,(8)j6jZy)) ((g)^ 6 jO((8)jg7 , Gj ) ) ^ P{®i^lFi,®j(zjGj), 

{<^ieiCi)®{®]<^jOj) ^ {Mj^jOj)oai^j oMi^i{Mj^jez^j)°{^i<^iCi) is a linear isomorphism (© is 
replaced by © in the case of LBA, Bialg ). Then for P, G, F' , G' G Irr(Sch), P2(P^G, F'^G') C 

P(P (g) G'*,F' (g) G*) is given by 

P2(PMG,P'MG') ~ ®Z,,6l„(Sch)|Zc,,, = l 

G(P, Zff' <E> Zfg) ® G{G'*,Zg'f' <E> Zg'g) ® 0(Zff' <E> Zg'F',F') ® 0{Zfg Zg'g, G*) 

as the sum of all summands where Zq' f' = 1 ; this definition is extended by linearity. 

In particular, Bialg^ (P^G, P'^G') is the closure of Bialgj (P^G, P'^G') C Bialg(P M 

G'*,F' H G*) for the (id!^''''^ -rj o e)-&dic topology of the latter space. 

A structure of biprop is defined on P2 as follows. We have Ob(Schi+i) C Ob(Sch(i_|_i)) (and 
a similar inclusion replacing Sch by Sch), and for any B,B' G Ob(Schi+i) (resp., B,B' G 
Ob(Schi+i)) we have inclusions 

LBA2{B,B') c U{B,B'), LBA2{B,B') c n(B,B'), 
Bialg2{B,B')cIl{B,B'), Bialg^{B,B') cU{B,B'). 

The composition of the diagrams {(P, P'), (P, G*), (G'*, G*)} and {(P', P"), (P', G'*), (G"*, G'*)} 
does not give rise to any loop, so the composition is well defined on P2{B,B') (g) P2{B' , B"), 
and one checks that it takes its values in P2{B, B"). The external product also restricts to P2. 
This defines a biprop structure on P2. 

If P,g are any props, define the biprop PMQ by (PMg)(PMG, P'lG') := P{F,F') (g 
Q{G, G'), for F,...,G' G Irr(Sch), which we extend by linearity. 
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Then for P E {LB A, LB A, Bialg, Bialg}, we have a biprop morphism P^P* — > P2, given by 
P{F, F') ® P*{G, G') C P2{F^F', G^G') for any F, G' e Sch. 
When P = S'(LBA), we set P2 := ^^^(LBAs). 

2. COMPATIBILITY OF QUANTIZATION FUNCTORS WITH DUALITY 

We first prove that the Etingof-Kazhdan functors are "almost compatible with duality", i.e., 
the duality diagram commutes up to conjugation by an inner automorphism. We then prove 
that any such functor is equivalent to a functor (i.e., can be transformed into such a functor by 
composition with an inner automorphism) which is compatible with duality (i.e., for which the 
duality diagram commutes). 

2.1. Almost compatibility with duality. The dihedral group D4 can be presented as the 

group with generators op, cop and * and relations op^ = cop^ = (op, cop) = *^ = 1, *-cop-* = op, 
* ■ op ■ * = cop (the product in D4 is denoted by • and (a, 6) = a ■ b ■ ■ b~^). We set 
ai...o„ := o„ • ... • oi. So we have e.g. *cop = cop ■ *. 

We have two morphisms e, e' : D4 Z/2Z, where e is defined by op, cop, * 1— > — 1 and e' by 
op,cop 1, * -1. Then Ker(e) ~ Z/4Z, while Ker(e') ~ (Z/2Z)2. 

We have a unique morphism D4 — > Aut±(LBA), 6 ^lba such that ojjlba : (M)*^) 
(— /i, (5), copLBA : (M)*^) (M) and *LBA : (/U, ^) 1— >■ (^*,M*)- It is such that the diagram 

D4 ^ Aut±(LBA) 




commutes. We also have a unique morphism D4 — > Aut± (Bialg), 6 ^Biaig such that opBiaig : 
(to. A) (mo (21), A), copBiaig : (^n, A) 1-^ (m, (21) o A) and *Biaig : {rrijA) i-> (A*,m*). It is 
such that the diagram 

Di ^ Aut± (Bialg) 




Z/2Z 



commutes. 

Denote by Assoc(k) the set of associators defined over k. This set consists of series ^{A, B) in 

noncommutative variables A, B. It is equipped with an action of {±1}, where (—1)-$ = $' given 
by ^'{A, B) = $(— ^, —B). (The fixed points of this action arc called the even associators.) 

Theorem 2.1. For each 9 G Di, there exists ^e, where S S'(LBA)(id, id)^ */e'(^) = 1 and 
^0 G S'(LBA*)(id,id)^ ife'{e) = -1, such that: 

^s(LBA) o <5* = lnn(^0) o o 6iBiaig if ^'{6) = 1, 

6's(LBA) o = lnn(^0) o Q^^^gy^ o 6'Biaig if ^'{6) = -1. 

We say that a quantization functor Q is almost compatible with duality if for some ^ e 
S'(LBA*)(id,id)><, 

(5) *COps(LBA) oQ = Inn(^) O Q* O *COpBialg- 

So each is almost compatible with duality. 

Proof. The subset of D4 of elements 9 for which the result holds is a subgroup. Since D4 
is generated by cop and *op, it suffices to prove it for these elements. When 6 = cop, the 
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result was proved in [EH]. So we now prove it for 9 = *op = {*cop)~^. We set in this section, 
Q := (5$, ^ := £,*op, so we should find ^ such that 

*OPs(LBA) oQ = Inn(^) oQ* o *opBialg- 

This is written as follows 

*ops(LBA)(0(m)) = C ° (Q(A))* o (^^)^^ *ops(LBA)(Q(A)) = o (21) o Q(m)* o r\ 
i.e., applying a; i— > a;*, as follows 

(6) Q{my=S^^oQ{A)oi-\ Q{Ar=ioQ{m)o{21)o{i-^f\ 

where x'^ = {*op{x))* and f = (C*)""^. 

The map x i-^ x'^ := {*op{x))* is a linear map LBA(v4, B) LBA(_B*,A*), such that 
(y o xy = x'^ o y'^. It is uniquely defined by this condition, the assignments (/z, S) i— > {6, — /u), 
and (a; lEl yy = a;"^ lEl t/"^, ilbaC-^)^ = *lba(-2'^) for z £ Sch{A,B), where z z'^ denotes the 
map Sch(A, B) Sch(_B*, A*) induced by the transposition. 

We then construct a linear map 

n(FMG, F'MG") ^ n(GMF, G'MF'), x x^, 

induced by the isomorphisms n(^^MG,i^'MG") ~ LBA((®F)0(«)G")*, (8)F')«)((8)G)*), n{GmF, 
G'MF') LBA((0G) O (®G') and the map x ^ x^ on LBA-spaces. We 

then have (for x, y in Il-spaces) {y o a;)"^ = y'^ o x'^, (x Kl y)'^ = a;"^ y"^. 
We finally define a linear map 

n{FMG,F'^G') U{F'*MG'*,F*MG*), x ^ x^ := (x^)* = (x*)^; 

then {x o yY = y* o X*. 

Let us denote by x x the canonical map LBA{S^p, 5®') ^ n((S'Mi)®P, (5Mi)®«). Then 
one checks that x^ = (x)*. 

Applying the operation x i— > x to (6), this condition translates in terms of Il-spaces as 

ml = f o A„ o f\ Al=iomaO (21) o (f 
Let us now compute m^, A^. 
Lemma 2.1. Define cos € Sch{S, S)^ as ©„>o(-l)" id<?r, . T/ien 

mfi = (ids Kt^s) o mn o (21) o (idsM^^s)^^- 

Proof of Lemma. Let a be a finite dimensional Lie bialgcbra, and let g be its double. Then 
= a® a"^"^ (as Lie coalgebras; a and a*'^"^ are also sub-Lie bialgcbras of g). Then mn is 
the propic version of the map (5(o) ® 5(a*))®^ ^ S'(a) ® S{a*) induced by the product of 
U{g) and the isomorphism S{a) (8) 'S'(a*) U{g) given by x ^ ^ symQ(x) sym^. (^), where 
symj. : S{f) [/(y) is the symmetrization map for the Lie algebra y. 

Let now q' be the double of a*™P. Then g' = (a*)™P ® (a*cop)*cop ^ ^*cop ^ jjop,cop_ rpj^^^^ 

is the propic version of the map (5(a) (g) ^(a*))^^ ^ _I^>- g^^^ ^ induced by the product 

of [/(g') and the isomorphism S{a) lE) S{a*) U{g'), x®^ h-^ sym^i* (^) symj|op(x). 

An isomorphism t : ^ g' is given by (a, ^) i-^ (€, —a). Then the map '5't/(g') o U{l) : ?7(0) — > 
U{g') is a linear isomorphism, where ^[/(g/) is the antipode of U{g'). Since the diagram 

S{a) > U{a) 



S{-ida) 



Sia) ^V(a' 
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commutes, the composed map S{a) (g) S{a*) [/(g) ~ U{g') <— S{a) ® S{a*) is x ^ ^ 
(where v i-^ v denotes the automorphism S{— idy) of S{V)). 
In the commutative diagram 



a;i (g) ^1 <8) a;2 (g) C2 

m 

(5(a) ® 5(a*))®2 ■ 



U{0r 



x[ <Si Ci <8' x'2 <Si C2 

m 

■ {S{a) ® 5(a*))®2 



("in)o 



5(0) (8> 5(0*) 



prod 



prod 



■ S{a) ® S{a*) 



the image of xi (g) ^1 (g) 2:2 (8 $2 in ^/(fl') is sym„. (^2) sym^op (^2) sym^,. (^1) sym^jop (xi), while the 
image of x[ (g) (g (g) ^2 in (fl') is sym„. {^[) sym„op {x[) sym„. (^^) sym„„p (a;2). 
It follows that the diagram 



(5(a) 5(a*))®2 



(5(a)«)5(a*))« 



(nin)o 



5(a) (g 5(a*) 



5(a) (g 5(a*) 



commutes, where the horizontal maps are xi ®^i®X2<E)(,2 '-^ ■T2 0^2 ® a^i ^Ci ^nd a;(g>^ xCx)^. 

The statement of the lemma is a propic version of the commutativity of this diagram; one 
shows that the proof can be carried to the propic setting. □ 

Lemma 2.2. = Aq. 

Proof. Ao € n(5M5, (5M5)®2) c LBA(5 (g S'^^,S®^ (g 5) is A^ M m^, where A^ G 
Sch(5, 5®^) and € Sch(5®^,5) are the propic versions of the coproduct and product of 
symmetric algebras. The statement then follows from the fact that and A"^ arc interchanged 
by the maps Sch(5, 5®2) Sch(5®2, S) and Sch(5®2, 5) ^ Sch(5, 5®2) defined by x a;^. 

□ 



Lemma 2.3. For Y in the image of l„ C U{tn) ^ U„ = n(i^i, (5^5)®"), we have V = 
-(idsMw5)^"oF. 

Proof. We prove this by induction on the degree of Y w.r.t. the generators tij of t„. If 
y = iij, then Y^ = F, while (idsM^^s)^" o y = -F. Let us assume that Y = [Y',Y"] = 
mg" o C7„,2(5M5)" o (y Kl y" - y" ^ y). Then 

y^ = (m^i)^" o CT„,2(5M5)" o (y'^ K y"^ - y"^ ^ y'^) 

= ((idsMws) o mn o (21) o (ids^ws)^^)^" o o-„,2(5^5)n 

o (((ids^ws)^" o y') m ((idsMws)^" o Y") - ((idsMws)^" o y") m ((idsM^s)^" o y')) 

= ((idsMws) o mn)^" o a„,2(5M5)" o {Y" ^Y'-Y'm Y") = -(idsM^s)^" o Y. 

□ 



Lemma 2.4. For X in the image 0/ exp(t„) C U{tn) ^ U„ = n(iMi, (5^5)®"), we have 
= (ids^a;s)^"oX-i. 
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Proof. Let F G t„ and X := exp(y). Then X = Efe>o('tO"^(™n ^)^'' ° <Tn,k{S^S)^ ° 
Then 

fc>0 

= ((ids o m^i'^ o (A:, 2, 1) o (ids m^sf") ^" o a„,fe(515)n o ( - (idsMc^s)""" o vf" 

k>0 

= om[i'^)^"oa„,fe(5M5)n o ( - y)^'= = (idsM^^s)^" o X"!. 

fe>0 

□ 

Lemma 2.5. T/iere ea;i5fo w G Uf , such that (idsM^s)^^ o J"^ = ^ (j2,i^-i ^ ^^i ^ y2yi_ 
Proof. J satisfies J^'^^J^^'^ = 3^'^ -kJ^'^^ -k^, which is rewritten as 
mg^ o (73,2(5^5)" o (Ji'2 K Ji'23) = (m^i^))^3 o a3,3(5M5)" ° 
Applying x i— » x"^ , we get 

So 

((ids Ha;s) o mn)^' o ^73,2(5^^)" o (((idsM^s)^' o (J^'^^y) K ((idsM^s)^' o (J''')")) 

= ((idsMws) o m'^^f^ o (T3,3(5M5)" o ($-1 K ((idsM^s)^^ o (J^^'^)^) K ((ids^ws)^^ o (J^'^)^)). 

Simphfying (idsM'^s)^^, we get 

((ids Mws)^'o J" ) ''''*((ids m^sf^or ) = $-i*((ids m^sf^or ) ''■^((ids mws)^'oJ" ) 

So J' := ((idsKlt^s)^^oJ'') "^ satisfies the same equation as J, namely J^'^ ★J^^'^ = J^'^* J^'^^*$. 
We have = r^'^, therefore J' = 1 + + so according to [E3], Remark 6.7 (see also 

[E3], Thm. 2.1), J' is gauge-equivalent to J^'^ □ 

Lemma 2.6. The elements (idsM^s)^^ ° J"" and (ids^ws)^^ o (J"^)"" 0/U2 are inverse of 
each other. 

Proof We have m^^ ^ (1324) o (JKIJ^^) = 1. Applying x ^ x^, we get (m^)^^ o 
{r^{J-^y) = 1. Therefore ((ids Mws)omn)^2o (1324) o ((ids M'^5)^^o(J"^)^^ (ids Mws)^^o 
J"" ) = 1. Simplifying (ids^ws)^^, we get the result. □ 



Lemma 2.7. = (ids ^ws)^^ o {u^ ku'^k (R^-^)"! ★ {v} ★ v?)-^). 



COMPATIBILITY OF QUANTIZATION FUNCTORS WITH DUALITY AND DOUBLING OPERATIONS 15 

Proof. Wc have R = J^'^ ★e'/^^J-i, i.e., R = X;fe>o('fcO"^(™n'^^^^™n'^^V<^2,fe+2(S'M5')"o 
(j2'iK(f/2)^'=H J-i). Then 

R^ = ^(A;!)-i(m[j^+2)T ^ ^(^=+2)^^ ^ a2,fc+2(5M^)" o {{J^'^y M /2)^'' S (J-^)") 

fe>0 

= ^(fc!)-^((id5Ma;s) o m^^+^) o (fc + 2, 1) o (idsM^5)^'=+')^' 

fe>0 

= l^(fc!)-'((idsMa;s) om(i'+'))^' oa2,fe+2(5^5)n 

fe>0 

= l](fc!)-'((idsM'^s) om(i'+'^)^' oa2,fe+2(5^5)" 

fe>0 

O * w2 ^ ^ j2,l ^(^12)-1) ^ (_t/2)^'^ H (^12 ^ J-1 *«2)-l)^ 

= (ids MC^S)^' ° * * J''' *(«'')^' * ^ „12 ^ J-1 ^(^1 * ^2^-1) 

= (ids ^iOsf^ o {u^ * u2 * (R2.1)"1 * (yl * u^^-l). 

□ 

Recall that for some a e n(iHS',iM5')^, we have R"^ = (R+K(R_oa)) o cansKii. Then 
(R-i)2,i = ((R_ o(t) K R+) o can^^s. Therefore 

R"" = (idsMws)^^ ° Ad(u)^2 „ ^ j^^^ „ can^^s, 

where Ad{u) = m^^ o (ulEids^i Klw"^) e 0(5^1, SMi) ^ . On the other hand, R = (R+ IE R_) o 
cans^i implies that 

R^ = (R!^ K RL) o can;^^^ = (R^j. Kl RL) o can^^s • 
Comparing these formulas, we get the existence oi tp € n(i^S', iM-?)^, such that 

R+ = (idsMws) o Ad(w) o R_ OCT o RL = (idsMt^s) o Ad(u) o R+ 0^)*. 

It then follows that 

(r(_-i))^ = V'oct-IoRL"^^ o Ad(w)-io(idsMcjs): (rL"^V - (7/'*)-ioR(r^^ o Ad(u)-io(idsMws)- 
Lemma 2.8. (Ad(J))^ = (ids M^s)^" o Ad{u^ *u^* J^'^ *(ui2)-i) o (idsMws)^^ 
Proof. Wc have 

(Ad(J))^ = {{m'i^ M mg^) o CT3,3(5^5)n o (JKids^s ^ J"'))^ 

= ((idsMws) o o (321) o (idsM^s)^^)^^ ° o-3,3(S'M5')" o (J^ Kids^s K1(J-^)^) 

= ((idsMws) o m[i^^)^' o CT3,3(5^5)n o (((idsM^s)®^ o ) K (ids^ws)®^ ^ ((ids^ws)®^ o (J" 

= ((idsMws) o m'iY^ o CT3,3(5^5)n 

o ★ ^2 ^ J2'i *(ui2)-i| ^ (id^ ^ws)®' ^ * (J'"')-' * {u' * u^)-'}) 
= (ids E.oJsf^ o Ad(u^ * u2 ★ ★(u^^)-!) o (ids ^ws)^^. 

□ 
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Lemma 2.9. AJj = (ids^uis)^^ o Ad{u)^^ o (21) o An o Ad(u)-i o (ids^ws). 
Proof. Wc have 

= Ad(J)" oA5 = (idsMt^s)^' o Ad(7ii *«2 ★ J2'i*(ui2)-i) o (ids ^^5)^2 o Ao 
= (ids M^s)^^ o Ad(w)^^ o (21) o An o Ad(u)-^ o (ids M^s)- 



Now 



□ 



and 



Now 



and 



ml = (R^-^^ omn o Rff = i^V T ° o (r;)^^ 
= ^Z- o cr-i o rL"^^ o Ad(u)-i o mn o (21) o (Ad(u) o R_ oa o ip-^)^^ 
= ^oa-^ o rL"^^ omn o (21) o (R_ oa o ip-'^)^^ 
= {iP o a-i) o (R^-^^ omn o R?') o (21) o {a o 7^-1)^2 

a; = ((rV"^^)^^ o An o r+ )^ = {{Ri-'^yr o A^ o r; 

= (V) o o--^ o rL"^^)^2 o (21) o An o R_ OCT o tjj-^ 
= {ipo a-^f^ o (21) o (R^^^)^2 o An o R_ o(ct o ^p-^). 

K = [mir = ((ct o ^-'rr^ o (21) o ((R*_)^2 „ „ j^(-i)* ) „ „ ^-1^* 
= ((a o V-i)*)^' o (21) o A„ o (V> o a-'y, 

A* = (A^)* = (CT o V"^)* o R*_ oA^ o (r(_-i)*)^2 „ (21) o ((V> o CT-i)*)^2 

= (ct o V"^)* o m„ o ((V> o CT-^)*)^^ 

Let Sa G n(5'Mi, 511) be the antipode for {rua, Aa). Then rua o (21) = SaorUaO (5-^)^^, 
(21) o Aa = Sf^ oAaoS-\ Therefore 

< = {{'J o i;-^r o 5,)^2 ^ A^ ^ „ ^-1)* „ 

A* = ((ct o ^-1)* o Sa) o ma o (21) o (((ct o i,-^y o SayT^ 
as wanted. □ 

2.2. Prom almost compatible to compatible (with duality) quantization functors. 

Let Q be any quantization functor. Recall that is gives rise to a prop isomorphism Q* : 
Bialg* — > S'(LBA)*. We say that Q is almost compatible with duality iff there exists ^ G 

5(LBA)(id, id)^, of the form ^ = id?|'^^^'' + higher order terms, such that Q* o *copBiaig = 
Inn(^*) o S{*cophBA) o Q (recall that ^ ^* is the tautological map P{F, G) P*{G* ,F*)), 
and Q is compatible with duality if this identity holds with ^ — id?j^^^^\ i.e., if the diagram of 
props 

Bialg 5^ 5(LBA) 



*COpBialg 



S(*coplba) 



Bialg* — ^ S'(LBA)* ~ 5(LBA*) 
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commutes. 

Proposition 2.1. IfQ is almost compatible with duality, then there exists^o S /S'(LBA)(id, id)^ 

such that Inn(^o) o Q is compatible with duality. 

Proof. Let ^ be such that (5*°*copBiaig = Inii(0°*cop5(LBA)°Q- Since Inn(^*)* = Inn(^"^), 
we get Q o (*copBiaig)* = Inii(^-i) o (*cops(lba))* o Q*- Since (*cops(lba))* o *cops(lba) = 
op cops(LBA) and (*copBiaig)* o *copBiaig = op copBiaig, wc get Q o op copBiaig = Inn(^~^) o 

(*C0P5(LBA))* O Inn(^*) O *COPs(LBA) °Q = Inn(^-1 O (*COPs(LBA))*(r)) ° op COPs(LBA) ° Q, 

and since (*cops(lba) )*($*) = (*cops(lba)(0)*> we get 

Qoop copBiaig = Inn($i) o op copscLSA) ° Q, 
where £,1 := £,~^ o (*cops(lba)(0)*- Since (op copf = 1, we get 

Q = Inn(Ci o op cops(LBA)(Ci)) o Q, 
so ^1 o op cop5(LBA) (^i) = cxp(Q;(/i o 6)) for somc scalar a. Since op coplba(m o (5) = /i o (5, if 
we set ^2 := exp(-a(/x o (5)/2) o ^1, we have ^2 ° op cops(LBA)(6) = id?|'"^^', and 

Qoop COpBialg = Inn(^2) ° op COps^LSA) o Q- 

Since ^2 = id^j^''^^''^'* + higher order terms, there exists a unique ^2^^ of the same form, with 
6 = {^y^f- Since ^2 = op cops(lba)(^2"^), we have ^2 = (op cops(lba)((^2''^)"^))^ so 
= op cops(LBA)(d^^)"S lience 

6 = 42 ° op C0ps(LBA)U2 ) : 

SO if we set Qi := Inn(^2^^)^^ ° we get 

Ql O op COpBialg = op C0P5(LBA) O Ql- 

We also have 

Ql O *COpBialg = Inn(C3) o *COps(LBA) o Ql, 

1/2 1/2 1/2 

where ^3 = (*cop<j(lba) (C2 ))* ° ^ ° ^2 • Then (*cops(LBA)(C3))* = (*cops(LBA) ))* ° 

1 /2 

*coPs(LBA)(C)* ° *coplba(*cops(lba)(C2 )*)*• ^^ow £ i-» *cops(LBA) (0* is a prop antiauto- 
morphism of S'(LBA), so its square is a prop automorphism of /S'(LBA); one check on generators 
this it is equal to op cops(lba) • Therefore 

(*C0ps(LBA)(6))* = (*C0ps(LBA)(^2^^))* ° (*COps(LBA) (0* ° COps(LBA) (^2^^) 

= (*C0ps(LBA)(^2^^))* ° *COPS(LBA)(0* ° ^2^^^ = (*COps(LBA) (^2^^))* ° ^ ° 6 ° ^2^^^ 

= (*C0ps(LBA)(^2^^))* ° ^ ° ° exp(Q!(/x O S)/2) =^3° exp(Q!(/i O S)/2). 

Set ^4 := 6 o exp(Q!(/i o J)/4), then (*cops(lba) (^4))* = ^4, as (*copLBA(At o 6))* = -/loS, 
and we have 

Ql o *COpBialg = Inn(44) O *COps(LBA) o Ql- 

Let ^5 := d^^- Then ^5 = *cops(LBA)fe)*, so ^| = ^| o *cops(LBA)(C5), so Inn(^|)-i o Q* o 
*copBiaig = Inn(*cop5(LBA)(C5)) © *cops(LBA) <=> Ql = *cops(LBA) o Inn(^5) o Qi. So if we set 
Q2 := Inn(^5) o Qi, we have Q2 o *copBiaig = *cop5;(lba) ° Q2, while Q2 = Inn(^o) o Q, and 

Co = ^5 0^2"'^'- n 
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3. Compatibility of quantization functors with doubling operations 

In this section, we formulate propic versions of the (Drinfeld) double constructions of Lie 
bialgebras and Hopf algebras. We then express a condition on a quantization functor Q : 
Bialg S'(LBA), which we call "compatibility with doubHng operations". One then proves 
that that if Q is compatible with duality, then it is compatible with doubling operations. 

3.1. Doubles of Lie bialgebras. In this subsection, wc set P := LBA or LBA, LBA. 

We define a prop DaddiP) by Dadd{P){F,G) := P2{A{F), A{G)). We also define prop 
(I)add(P), P)-bimodules M±,(P) by M+,(P)(F, G) := P2{Fm,A{G)) and M;,,{P){F, G) := 

P2{mF,A(G)). 

The structures of left prop £'aciti(-f')-bimodules on M^^^{P) are obvious. Let us define the 
structures of right prop P-modules on M^^^{P). 

In the case of M+^^{P), the composition P{F,G) (8> P2{Gm.,A{H)) P2{Fm.,A{H)) is 

In the case of M~^^{P), the analogous composition is the map P{F, G) <S> P2{1^G, A(H)) — > 
P2(1MK A(iJ)) such that x ® X i-^ X o (idf^ * cop{x)), where *cop = cop o * : P{F,G) ->■ 

P*{F,G). 

M~^^{P) also has a {Dadd{P), P*)-Wop bimodule structure, induced by 

P*{F,G) P2{mG,A{H)) P2{mF,A{H)), x* ® X ^ X o (idfla;*). 

Note that if F is a finite dimensional module over P, i.e., we have a prop morphism P — > 
Prop(F), then V ®V* is a module over Dadd{P)- 

We then have 

D„dd(LBA)(A2,id) 

= LBA2(A^M1, idKIl) © LBA2(idMid, id^l) © LBA2(idMid, Ipd) © LBA2(1HA^ Ipd) 
~ LBA(A^ id) © LBA(id, T2) © LBA(r2, id) © LBA(id, A^). 
Similarly, 
D„rfrf(LBA)(id,A2) 

= LBA2(idMl, A^^l) © LBA2(idMl, idpd) © LBA2(lMid, idpd) © LBA2(lpd, l^A^) 

~ LBA(id, A^) © LBA(a2, id) 

as the two intermediate spaces are zero. 

We have M+^^(LBA)(id, id) = LBA2(idMl, idMl) © LBA2(idMl, IMid) ~ LBA(id,id) as 
the second space is zero and M_^^(LBA)(id, id) = LBA2(lMid, id^l) ® LBA2(lMid, l^id) ~ 
LBA(id, id) as the first space is zero. 

Lemma 3.1. There are unique prop morphisms double : LBA Dac(rf(LBA), left, prop 
Daddi)-'^^) -module morphisms a^^n '■ -Oadd(LBA) M^^(LBA) and right prop LiBA-module 
morphisms /33^„ : LBA — > M^^(LBA), such that 

double(/i) ~ /i © 5 © (-/i) © 6, double((5) ~ 5 © (-/x), 

"can (idid )=Pcan(ldid ) - idid . "can (idja ) = Pcani^^^id ) - idid • 

The diagrams 

M^ddi^BA) 




LBA > D^dd^BA) 
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commute. 

Wc define can J e LBA2(FHl, A(i^)) andean^ G LBA2(1M^', A(i^)) as follows: can| are the 
images of the elements of Schi_|_i(FKIl, A(F)) and Schi+i(l^F, A(i^)), which are the universal 
versions of F{V) F{V V*) induced hjv<-^v®0, resp. F{V*) F{V V*) induced by 

Then a^a„,/3^„ are given by a^ani^) = ^ ° can^> Ptanix) = can^ o(xMidi^'^ ), l3-^riix) = 
cang o(idi^^ ^ * cop{x)). 

The proof is a propic version of (a) the double Lie bialgebra construction o ^ and 
(b) the Lie bialgebra morphisms a — *■ 2D(a), a*'°°^ — > S)(a), where a is a finite dimensional Lie 
bialgebra. 

These morphisms have analogues when LB A is replaced by LBA or LB A. 

3.2. Doubles of Hopf algebras. In this section, we will set P := Bialg or 5(LBA). 

Define a prop D^^u{P) by Drnuit{P){F,G) := P2 (A^ (i^) , (G)j7 where A^ : Sch ^ 
Schi+i is given by ^^{F){V, W) := F(y (S)W). We also define prop {Dmuit{P), P)-bimodules 

MLuiP) by 

Mi^i,{P){F,G):=P2{FMl,A^{G)) and M-^^,{P){F,G):=P2{mF,^{G)). 

The bimodule structures are defined as follows: the left prop module structure over Dmuit{P) 

is obvious; the right prop module structures of M^^^n{P) over P are defined as above, replacing 
A by A^ and in the case of M^^i^{P), *cop by *copBiaig- As above, -^"^(^(-P) is also a 
(-Dm„;t(P),P*)-prop bimodule. 

We have D™„;t (Bialg) (r2, id) = Bialg ^(T2MT2, id^id) C Bialg(T2(g)id, id(8)T2) and similarly, 
D„„,t (Bialg) (id, T2) C Bialg(id ® Ta , T2 ® id) . 

Lemma 3.2. There are unique prop morphisms Double : Bialg — > D^i,;* (Bialg), left prop 
D mult i^^Silg) -module morphisms a^jg^j : P'm„;t(Bialg) —^ M^^(Bialg) and right prop Bialg- 
module morphisms P^^^^g : Bialg —> M^^^^ (Bialg), such that 

Double(TO) (m S m^^) K id^) o (152346) o al^l o (id^l^HA^^) M A), 
Double(A) ~ A K ((21) o m), Doublc(£) = e^rj*, Double(r/) = tj^s*, 



''Bialg \ "id ^ ^^BialgV 

— /.i^muit (Bialg) > /.jaiaig\ im . 

"Bialg Kd )=/?BialgKd ^) = ^MicIt^- 



<««(Bialg) 




The diagrams 



Bialg — > -Pm^it ( Bialg ) 

Double 

commute. 

Here oPl = idf^Kla M (id^)^^. Double(m) is the propic version of the map ^4®=^ ^ 
A*^"^, a; (g) y (g) z xy^"^^ ® y^"^^ z^^^a{y^^^) (g) z*^^); it is obtained by dualizing the formula of the 
multiplication formula of the Drinfeld double. 

The prop bimodule properties are expressed as follows: 

«Biaig(^> H){Y oX)=Yo a+ ,ig(P, G)iX) 
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for X e (Bialg) (J-,G), Y e iP^t (Bialg) (G, ff), 



/3^iaig(^. ° ^) = /3^iaig(G, ^^)(y) ° (a^Midf^' ), 



/?Bialg(^. ° ^) = /3Bialg(G, if)(2/) ° (idf^^ * COpBialg (a^) ) • 



for a; e (Bialg) (i^, G), y e (Bialg) (G, g). 

The proof is the universal version of the proof of the fact that the Drinfcld double D{A) of 
a Hopf algebra A is a bialgebra, equipped with bialgebra morphisms A D{A) and A*''^°p — » 

^(^)- 

Since Double(id?;'''s -r] o e) = {id^-rj o e)Mid||^ +(r? o sMid^-t] o e)*, Double 
extends to a prop morphism Double : Bialg — > Dmuit (Bialg) with the same properties. 



3.3. Compatibility of quantization functors with doubling operations. Let Q : Bialg — 
S'(LBA) be a quantization functor. As we have seen, this is a prop isomorphism. 

Proposition 3.1. Q gives rise to an isomorphism of biprops Q2 '■ Bialg^ — >■ <§— ^(LBA2). 

Proof. Let F,...,G' G Sch. The morphism Q gives rise to a continuous linear isomorphism 



Q{F(g)G'*,F'* (E,G) : 

Bialg(F (S) G'*,F'* (g) G) ^ S'(LBA)(i^ ® G'*, F'(g)G) = LBA(S'(i^) ® S{G'*), S{F') (g) S{G)) 



(denoted shortly by Q). Recall that Bialg ^{FmG, F%G') C Bialg (f O G'*,F' ^ G) and 

S'^2(LBA2)(FMG,F'MG') = LBA2(5(F)MS'(G),5(F')M5'(G')) C J.-BA{S{F)(S)S{G'*),S{F')®S{G)). 
We will prove that Q maps BialgJFMG, F'MG') bijectively to LBA2(S'(F)M5'(G), S{F')m{G')). 
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We first prove that Q maps the first space into the second. Consider the diagram 



©Zxi-elrrCSch) 

Coalg(F, Zff' ® Zfg) 
0Coalg(G'*, Zg'g) 

(S)A\g{ZFG(^ZG'G,G*) 

Q' 



LBA(5(F), S{Zff') O S{Zfg)) 
®-LBA{S{G'*),S{Zg'g)) 
(i)l,-BA{S{ZFF'),S{F')) 

®-LBA{S{Zfg) ® S{Zg'g), S{G*)) 



(a) 



• Bialg(F(8>G'*,F'(g)G*) 



(b) 



■ LBA(S'(F) ® S{G'*), S{F') ® S{G*)) 



if) 



®WxY'i-CA{S{F),WFF' O Wfg) <S> LCA(S(G'*), Wcg) 
^1,A{Wff',S{F')) O LA{Wfg ^ Wg'g, S{G*)) 



ffiZxr ,2x1x1-, Zxi'ii'elrr(Sch) 

LCA{S{F),Zf^ff,<E)Zf^fg) 
(SiLA{Zf\ff',S{Zff')) 

(g>LAiZFlFG,S{ZFG)) 

0LCA(5(G'*),Zg'|g'g) 

^lcif^;rl^t''^\ ' ^LAiZFG\G^ZG,G\G,SiG*)) 

Ia^Z ^LCAiZF\FF',WFF^) « LAiWFF-,ZFF'lF') 

^TcA^sTz'] 7 " ^ ^LCA(Z,|,G, Wfg) ® LA(W^,g, ^.g|c) 

fl r A /<f/7 ' ^'"^S ®LCA(Zg,|g'g, T^G'g) LA(l^G'G, Zg>gig) 

iSiL>CA{S{Zg>g),Zg>g\g) 

^■LA{Zfg\g ^ Zg^g\g,S{G*)) 

where the maps labeled Q, Q' are those induced by Q, the map (a) is Cf\f'g ^ (^G'\g ® 0'F\f' ® 

ofg'IG ^ (ai^lF'^aFG'|G)°((id-'7°e)ZfF'^(id^'?°'^)^j=-G^(id-'7°e)zG'G)°('^f'l-F'G^'^G'jG'G) 
(recall that inji S Sch(S'\ S") and j^r^ G Sch(5', 5*) are the canonical injection and projection); 
the map (6) is Af|fg®'^G'|g<H>Af|f'®Afg'|g ^ {^f\f'^^fg'\g)°[^^^s -injoopro){ZFF')^^^^ 
{ids -inja o prQ){ZFG)^^^ ^ (ids -inja o pro)(2'G'G)^^^] ° {>^f\fg ^ ^g'ig'g); the map (c) is 
induced by the isomorphisms (1); the map {d) is induced by the composition 

®vvLA(Z, S{W)) (g) LCA(S'(Vr), Z') LBA(Z, Z') ^ ®w' LCA(Z, T4^') (g) LA(iy' , Z'), 

where the first map is '^^y \w ® ^ Ylw ^'W ° (ids —injo o pro){W)^^^ o A^y and the 
second map is the inverse of J2w' ° '-^ 'l2w' ^w' ° ^w'\ the map (e) is induced by the 
compositions 

LCA(S(F), Zf|ff'®-^f|fg)(S)LCA(Zf|ff', W'ff')'S)LCA(Zf|fg, W'fg) ^ LCA(S'(F), VFff'(8)I^fg), 

k^k' I— » (k' Kl k") o k, and the analogous compositions with LA instead of LCA. Finally, 
(/) is the standard composition map. 

The upper square of this diagram commutes because Q is a prop morphism. One also checks 
that the lower square of this diagram commutes, soQo (a) = (/) o (e) o (d) o (c) o Q'. The image 



(e) 



,Glrr(Sch) 



id) 



LCAiSiF),ZF\FF'®ZF\FG) 

0LCA(5(G'*),Zg,|g'g) 
®LA(Zff'|f',5(F')) 
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of (a) is Bialg^{F^G, F'MG'), so its image by Q is the image of Q o (a), which is therefore 
contained in the image of (/), which is LBA2{S{F)MS{G), S{F')m{G')). 

Let us now check that Q-^ maps LBA2{S{F)m{G), S{F')^S{G')) to Bialg ^(FgG, F'^G'). 
Consider the diagram 



y^^xi-elrrCSch) 

LCA{S{F),Zff'<S)Zfg) 
(S)LCA{SiG'*),ZG'G) ■ 
®\.A{Zff',S{F')) 
®\.A{Zfg®Zg'g,S{G*)) 

Q- 

®ZxyeIrr(Sch) 

Bialg(F, Zff' <S> Zfg) 
®Bialg(G"*, Zg'g) - 
®Bialg(ZFF',i^') 
®BialgiZFG®ZG'G,G*) 



(a) 



■ LBA(5(F) ® ® S{G*)) 



^BialgjF ^G'*,F' (giG*'' 



(/) 



(c) 



®Zxr,.Zx|xi',-Zxr|i'eIrr(Sch) 

Coalg(F, 

FF' ® -^F|Fg) 
l8)Alg(2'F|FF',-^FF') 
0Alg(Zp.|re,-^FG) 

®Coalg(G'*,ZG'|G'G) 

(8)Alg(ZG.|G'G,^G'G) ■ 
(g) Coalg(ZFF' , ^FF' I F' ) 
®Alg(ZFF'|F',i^') 

(g)Coalg(ZFG,^FG|G) 
(g)Coalg(ZG'G,^G'G|G) 



.Alg(Z 



FGIG 



Z 



G'G\Gj 



G*) 



)WxY Coalg(F, Wff' ® Wfg) <S> Coalg(G'*, Wg'g) 
O Alg(W^FF' , f") Alg(W^FG ® Wg'G, G* 

(e) 



®W^xy,2x|Xi',-Zxr|i'eIrr(Sch) 

Coalg(f , Z;., 

FF' •X' ^f|Fg) 

®Coalg(5(G'*),ZG'|G'G) 
®Alg(Zf^,|f,,F') 

(gAlg(ZFGtG«'^G'GtG,G*) 

• (g) Coalg(Z^|^p/, VKff') 

(8)Alg(VFFF',^FF'|F') 

(g) Coalg(ZF|FG, Wfg) 

®A\g{WFG,ZFG\G) 

(g)Coalg(ZG'|G'G, VFg'g) 

(8Alg(WG'G,2G'G|G) 



Here Q is the composed map 



ez:,fyei„(Sch)LCA(S(F),Zp^,(82FG)8)LCA(S(G'*),ZG,G)®LA(Z^^,,S(F'))<»LA(ZFG«i2G'G.'S(G*)) 

^ezxy6i„(Sch)LCA(S(F),S(Zyj,,)0S(2FG))8)LCA(S(G'*),S(ZG/G))®LA(5(ZFF').'S'(-F'))®LA(S(ZFG)«>S(ZG/G),S(G*)) 
^ezy.^eirr(Sch) Bialg (F,ZFj.,(giZFG)0 Bialg (G'*,ZG,G)igi Bialg (ZFF/,F')(gi Bialg (ZFGi8iS(ZG,e),S(G'')), 

in which the first map is the tensor product of maps LCA{S{A), B) — > LiCA{S{A), S{B)), 

c ^ mji(A)LCA o c and LA{A,S{B)) LA{S{A), S{B)), £ ^ eopri{A)^^, and the second 
map is the tensor product of the maps induced by Q~^. Here the map (a) is defined by 
kfif'G 8) kg'IG aF|F' <S) ctFG'lG '-^ {aF\F' ^ ctFG'\G) ° {i^F\F'G ^ i^G'\G'g)', the map {b) is 



6f|F'G ® 



G'lG'G ' 



JPF'IF' 



JPG'IG 



FF'\F' 



^fg'Ig) o [(id-r?oe)^ 



(id -?7 o e)zj. 



(id —r] o £)zq/c] o (?'f|f'G ^ ^G'IG'g); the map (c) is induced by the isomorphisms (3) ; the map 
(d) is a tensor product of composed maps 

Alg(A, Z) Coalg(Z, B) ^ BiaJlg(^, B) ^ ®weirriSch) Coalg(A, W^) Alg(W, B), 
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where the first map is a (X) c i— > c o (id —ij o e)z ° a and the second map is inverse to ® 
C'W '^vv ° (id —1] o e) o cw- the map (e) is a tensor product of the maps Coalg(A, Z) ® 

Coalg(Z, W) Coalg(A, W), c® c' ^ do (id —77 o e)z ° c, their analogues when {Z, W) is 
replaced by two pairs {Zi,Wi) {i = 1,2) or when Coalg is replaced by Alg; the map (/) is the 
map J2wxY ^F\F'G ® cg'Ig ap^F' apG'lG '-^ {apiF' K aFG'ia) o [(id -77 o e)vi/^^, K (id -r? o 

^)w>G Kl (id -77 o £)m/g/g] ° (fiFIF'G ^ Cg/|g). 

The map (e) is wcll-dcfinod, since nonzero elements of the the space labeled (Wxy) = 
{WpF' ,Wfg,Wg'g) can be in the image only of the spaces labeled {Wxy, ZxixY, Zxy\Y), 
where^ \Zx\xy\,\Zxy\y\ < \Wxy\ Jor each pair {X,Y) e {{F,F'),{F,G),iG',G)}. 

The upper square of this diagram commutes since it can be split into commuting triangle, 
sum over the Zxy of 

LCA{S{F),Zff' ®Zfg) 
(E)LCA(S(G'*),Zg'g) («) 
®LA{Zff',S{F')) 
(E)LA{Zfg<S)Zg'g,S{G*)) 

(s) 

'ih) 

LCA(5(F), S{Zff') O S{Zfg)) 

(g>LCA{S{G'*),S{ZG'G)) 
(g)LA{S{ZFF'),S{F')) 
^LA{S{Zfg) ® S{Zg'g), S{G*)) 

where (g) is the tensor product of a map LCA(S'(^), Z) LCA(S'(^), S{Z)), k ^ inji{Z)^'^^o 

K with its analogues with Z replaced by Z, Z' , and with LCA replaced by LA (and inji by 
pri); and (h) is the map Kf\f'G '^G'\G ® ^f\f' ® ^fg'\G {^f\f' ^fg'\g) ° [(ids —injo o 



■ LBA(5(i^) «) S{G'*), S{F') (g> S{G*)) 



pro)(^FF') ^ (ids -injoopro){ZFGr^^ ^ (ids -injoopro){ZG'Gr^^] ° {kf\f'G ^ kg'\g), 
which commutes since {ids —injoopro)°inji = injio{ids —injoopro) = 0; and of the commuting 
square 



WZxi'elrr(Sch) 

LCA{S{F),S{Zff') «> S{Zfg)) 
(S>LCA{S{G'*),S{Zg'g)) 
®LA{S{Zff'),S{F')) 

^LA{S{Zfg) (^S{Zg'g), S{G*)) 
Q- 



WZxyelrr(Sch) 

Coalg(F, Zff' <E) Zfg) 
®Coa\g{G'*,ZG'G) - 
^Alg{ZFF',F') 

^Alg{ZFG^ZG'G,G*) 



(i) 



■ LBA(5(F) S{G'*), S{F') O S{G*)) 



where the map (i) is given by k' 
pro){Z_ 



FF' 



\LBA 



F\F'G 



(id5 -injoopro){Z 



FG 



0) 



G'\g'^'^F\F'^ 



Bialg(F®G"*,F'(8)G*) 



(Af, 



F|F' ^^'FG'IG 
mjoOpro)(ZG'G)'^^^ 

,LBA 
'S(Z) 



>[(id. 



° ('*F|F'G 



-mjQO 

'^g'Ig) 



and the map (j) is given by the same expression, where (id— injo ° P''"o)s'^z) '^^ replaced by 
(id — ?7 o e)^''^'^; this square commutes, since Q((id — 77 o e)^) = {ids —injo o pro){Z)^^^. One 
also checks that the bottom square of above the diagram commutes. Using the same argument as 
before, one obtains that Q'^ maps LBA2{S{F)m{G), S{F')MS{G')) to Bialg ^(-FMG, F'MG'). 



Recall that is the degree of a homogeneous Schur functor. 
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In the same way as one proved above that Q : Bialg(F (g) G'*,F' (g) G*) ^ 5(LBA)(F (g) 
G'*,F' G*) restricts to a map Bia\g ^{F^G, F'^J') S{LBA)2{Fm!, F'^G'), one proves 
more generally that for any finite sets /, J, any S C / x J, and any A G Schj, B S Schj, Q : 
Bialg(cg)(yl), ®{B)) S'(LBA)(®(A), ®{B)) restricts to a linear map (in fact an isomorphism) 
Bialg ^(A, B) LB {S{ A), S{B)) (where S : Schj ^ Sch/ takes the functor A : Vecf^ ^ 

Vect to Vect^ ^ Vect^ ^ Vect, where A is the natural extension of A). If moreover • ^ J U J 
and S c / X J is such that (•, •) ^ S (where J = 7 U {•}, J = J U {•}), then the trace maps 
tr : Bialg ^(A K F,B Kl F) ^ Bialg^(A,B) and tr : LBA^(5(A) M S{F),S{B) m S{F)) 
LBA^(S'(A), S{B)) are such that the diagram 

Bialg^(A ^F,BmF) LBA^(6'(A) K S{F), S{B) S{F)) 



Bialg ^(^, B) ^ hBA^iS{A),S{B)) 

commutes. Since the trace is the basic ingredient of the prop structures of Bialg^ and 5'(LBA)2, 
it follows that Q2 is a biprop morphism, hence isomorphism. □ 

Lemma 3.3. Q gives rise to a prop isomorphism D„iuit{Q) ■ -D^uit (Bialg) Dmuit{S(LBA)). 

Proof. For F,G G Sch, we have isomorphisms ( Bialg ) (F, G) ^ Bialg ^(A(^(F), 4^(0)) ^ 

5^2(LBA2)(A^(F),A^(G)) ^ 5(LBA)2(A^(F),A^(G)) = i?wt(^(LBA))(F, G). One 
checks that they are compatible with the prop operations. □ 

Lemma 3.4. We have a canonical prop isomorphism £'m„;t(S'(LBA)) ~ S{Dadd{^^-^))- 
Proof. This is given by 

Dmuit{S{LBA)){F,G) = 5(LBA)2(A^(F), A^(G)) = LBA2{S^^ o A^{F), S^^ o A^{G)) 
= LBA2(A(5(F)), A(5(G))) = S{D„m{J^BA)){F,G) = £»„dd(LBA)(5(F), 5(G)); 

the third equality uses the canonical isomorphism S*— ^ o A^(F) ~ A{S{F)), which follows from 
the isomorphism F{S(y) ® S{V)*) F{S{V © V*)) for any V e Vect. □ 

We say that Q is compatible with the doubling operations iff there exists an inner automor- 
phism Inn(A) of S'(Z)add(LBA)), where A e 6'(£'odci(LBA))(id,id)^, such that the diagram 

Bialg ^ Dmuit (Bialg) 



5(LBA) — — ^ SiDaddCLBA)) 5(£>„dd(LBA)) £»„„;t(5(LBA)) 

D (double) lnii(AJ — 

commutes. 

Recall that Q gives rise to a prop morphism Q* : Bialg* — > 5(LBA)*, and Q is called 
compatible with duality iff the diagram of props 

Bialg ^ 5(LBA) 



*COpBialg 



S(*coplba) 



Bialg * S'(LBA)* ~ 5(LBA*) 



commutes. 
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Theorem 3.1. If a quantization functor Q is compatible with duality, then it is also compatible 
with the doubling operations. In particular, the EK quantization functors are compatible with 
the doubling operations. 

The rest of this section is devoted to the proof of this theorem. 

3.4. Construction of commuting triangles of prop modules based on 5(LBA). We 

have shown that the prop isomorphism Q : Bialg — >■ S'(LBA) induces a prop isomorphism 

DmuitiQ) ■■ Anuit ( Bialg ) ^ A««(t(^(LBA)). 

Lemma 3.5. Q induces isomorphisms 

MLitmF,G) : M±„jBialg)(F,G) - M±„,,(5(LBA))(F, G), 
(shortly denoted M^^^^{Q)) with the following com,patibilities with Q, Q* and D^y^n(Q): 

MLitiQ)iX o m) - D^uit{Q)iX) o M±„,,(Q)(m) 
for m e M±„;, (Bialg) (F, G), X e D muit (Bialg) (G, H), 

<.JQ)("^° (^Midf^'^')) = M+„,,(g)(m) o (g(x)Midf ^^^)*), 

A^™«JO)("^° (id^^M.^*)) = M_JQ)(m) o (idf^^^^ MQ* (:.*)), 
for X* e BMg* {F,G), m G M^,„, (Bialg) (G, ff). 

So M^^i^{Q) : M^^;j(Bialg) M^^i^{S{'L'BA)) are prop bimodule isomorphisms compatible 
with the prop morphisms and with Q, Q* and DmuitiQ)- 

Proof. We have isomorphisms 
M+,„(Bialg)(F,G) = BialgJFMl, A^(G)) 

^ 5^2(LBA2)(FM1, A^(G)) = 5(LBA)2(Fm, A^(G)) = M+„,,(5(LBA))(F, G), 

and AC«» (Bialg) (F,G) ~ Af-„;, (5'(LBA))(F, G) by replacing FMl by mF- 

The properties of these isomorphisms follow from the fact that Q2 is a biprop morphism such 

that Q2(a;Midr^*) = Q(x)Midf , and Q2(idf^Ha;*) = idf ^^^^ MQ*(^*)- □ 

We now transport Double, a^jg^jg and /Seiaig using the isomorphisms Q, DmuitiQ) and 

M^uitiQ) as follows. 

For F,G e Sch, define a±(F,G) : D™„it(5(LBA))(F, G) ^ M±„,,(5(LBA)) by 

a±(F, G) := M±„;,(Q)(F, G) o a^.^,^{F, G) o D„„„(Q)(F, G)-\ 

define ^±(F,G) : 5(LBA)(F,G) ^ M±„,,(5(LBA)) by 

/3±(F, G) := M±„,,(Q)(F, G) o /3±^,g(F, G) o Q(F, G)-\ 

and define l5^e(F,G) : 5(LBA)(F,G) ^ ^(^^(((^(LBA)) by 

D^e(F, G) := F>™„it(Q)(F, G) o Double(F, G) o Q{F, G)-\ 

Proposition 3.2. Double is a prop morphism. If Q is compatible with duality, then we have 

a'^{F,H){YoX) = Yoa'^{F,G){X), 
for X e £»„„,t(5(LBA))(F,G), Y e Dmuit{S{LBA)){G,H), 

p+{F,H){yox) = P+{G,H){y) o (a^Midf ''^^^*), 
^-{F, H){y o x) = p-{G, H){y) o (idf (^^""^ ^ * cops (lb A) (a;)). 
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for X e 5(LBA)(F, G), y G S'(LBA)(G, H), and a±(F, G) o Double(F, G) = I3^{F, G) for 
F,G. 

Proof. The first statement follows from the fact that Double is a composition of prop 
morphisms. The first (resp., second) identity follows from the prop isomorphism property 
of DmuitiQ) (resp., Q) and the prop module properties of a^^^^^ (resp., /Jgiaig) and M^^;j(Q) 
(resp., Af^^jj((3)). Using the prop isomorphism property of Q and the prop module proper- 
ties of and M-^,,(Q), we prove that p-{F, H){y o x) = p-{G, H){y) o (idf ^^^^ M{Q* o 

*copBiaig ° Q^^){x)), which implies the third identity since Q is compatible with duality. 

The last identity follows from a|i^ig(F, G) o Double(F, G) = /3|iaig(i^, G) for any F, G. □ 

These identities mean that we have a prop morphism Double : 5(LBA) — > (5(LB A)), 

left prop D„„;f(S'(LBA))-modulc morphisms a± : (S'(LBA)) ^ Af,^,^„(S'(LBA)) and 

right prop 5(LBA)-module morphisms : S'(LBA) M^^^^{S{\JRA)), such that o 
Dmible = /3±. 

Now using the canonical isomorphisms Xm„;((5'(LB A)) ~ 5(Xadd(LBA)) forX G {Z),M='=}, 
we view these morphisms as; a prop morphism Double : S'(LBA) S [D addi'^^ ^)) , kft prop 
S'(i:'a<id(LBA))-module morphisms : S{Dadd{^'^^)) ^ S'(M^^(LBA)) and right prop 
S'(LBA)-module morphisms (3^ : S'(LBA) S'(M_^^^(LBA)), such that the diagrams 

^(^a'dd(LBA)) 
5(LBA) — ^ 5(Z?„dd(LBA)) 

Double 

commute. The prop module morphism properties are expressed by the relations of Proposition 
3.2, where now X e 5(£)„dd(LBA))(F, G), Y e 5(£>„dd(LBA))(G, if). 

3.5. Construction of a prop morphism : LBA — > Z)a(jd(LBA). The diagram of prop 
modules 

5(Sch) 




5(LBA) — S{Dadd(LBA)) 

Double 

does not necessarily commute. 

In this section, we will construct an inner automorphism Inn(S) of S'(Dad(i(LBA)) (where 
S € S'(LBA)(id, id)^), and a prop morphism <^ : LBA — » £'(jdd(LBA), such that Inn(S)~^ o 

Double o S'(iLBA) = S{i d^^^clba}) and Inn(S)~-^ o Double = S{(fi). The existence of S and 
follows from Proposition 3.3 below. 

We first define generators m^,A^,p^ (n > 0) of the prop S'(Sch). Recall that G 
S'(Sch)(T2,id) and A'^' e 5(Sch)(id, r2) arc the universal versions of the product 5(F)®2 ^ 
S{V) and the coproduct S{V) — > S{V)^^ (where F is a vector space). We define € 
5(Sch)(id, id) = Sch(5, 5) as := injn ° pvn, i-e., p^ is the universal version of the pro- 
jector e End{S{V)) onto S"{V) C ®n>oS''{V) = S{V). One can prove that S'(Sch) is 
generated by the elements rn.^' , A^,p^. 

Proposition 3.3. Let P, Q be Sch-props graded by N, complete and separated for these grad- 
ings. Assume that $ : S(P) — > 6'(Q) is a prop morphism (not necessarily compatible with the 



COMPATIBILITY OF QUANTIZATION FUNCTORS WITH DUALITY AND DOUBLING OPERATIONS 27 

gradings), such that, for any of the generators x G {p;^, m"^, A"^} o/S'(Sch), (S'(zq)— $oS'(ip))(x) 
has positive degree (ip : Sch ^ P, iq : Sch —>■ Q are the canonical morphisms). 

Then there exists a prop morphism : P — »■ Q and an invertible element S G 5(Q)(id, id)^, 
such that $ = Inn(E;) o S{ip). 

Proof. Wc first prove that if the smallest degree of aU (S'(zq) - $ o S{ip}){x) is TV > (for 
X G S{Sch.){F,G) and F,G ^ Ob(Sch)), then one can construct En G 5(Q)(id,id) of degree 
N, such that the degree N part of {S{iQ) — Inn(idid + Sat) o $ o S{ip)){x) vanishes for any x. 
Defining S as the product of all the idid + STv, we will then have: S'(zq) = Inn(S)^^ o^oS{ip). 

For x'^ G S'(Sch)(F,G) and F,G e Ob(Sch), define x'^ G S'(Q)(F,G) as the degree TV part 
of {S{iQ) — $ o S{ip)){x^) and set x'^ := S{iQ){x^). The condition on Sjv is that for any such 
x^, 

xf^ = (d/dt)|(=o(Inn(idid+tSjv)(a;'3)); 

it suffices that this holds when x^ belongs to a set of generators of 5(Sch). 

We set Sat = I]„,,„>o(SAf)n,m according to the decomposition S'(Q)(id, id) = ®n,m>oQ(5'", S™); 
we will first construct the off-diagonal part of Sat, then its diagonal part. 

The idempotent relations between p^ imply °Pm +Pn °Pm = Sn,mPn ^^'^ 'l2nPn — ^■ 

For n ^ m, we then set (Sjv)„,m := P^opQ opQ and {EN)off ■= E„,m|„^m(^Jv)n,m- We 
will prove that for any i > 0, pf = [{E]\[)off,pf] (where [a,b] = a o b — b o a). 

We have {EN)off = J2niPn -P? °P?^ °P?^ ), therefore [(Sjv)o//,P?] = J2n\Pn °P^ ^P?]- 
J2n\Pn ° Pn ° Pn'Pf] = pf ° pf ^ UnPf ° Pn ° Pn ^ second bracket vanishes. Then 
-T,nP? °Pn °Pn = Y^nPf ° Pn - pf ° pf , §0 that [(Sjv)o// , pf] = pf . It foUows that the 
degree N part of (S'(iQ) - Inn(idid + (EN)off) o * o '5'(ip))(pf ) vanishes. 

For x''^ G 5(8011) (F, G), define x'^ as the degree part of {S{iQ) - Inn(idid + (Sjv)o//) ° 
$ o S{ip)){x^). We have p^ = 0. We now construct (Sjv)„,n G Q(5",S'"), such that if 

{'^N)diag ■= Z!„>o("^)"."' ^^^^ = rf/c?i|i=oInn(idid +i(SAr)<jjag)(a;'^)- 

Let for n > 0, := (m^)(") o (pf)^" G 5'(Sch)(r„, id) and Af (pf)^" o (A^)(") G 
S'(Sch)(id,r„), where (m'5)(") = rn^o...o(m^Kid^"-2) and (AS)(") = (A^^Hid^""2)o...oA^. 
These elements generate 5'(Sch), as and A"'' can be constructed from them by = 

They satisfy the relations 

(7) mf = Af = pf , 

(8) Pn' °rn^ = Sn,n'm^, mi o (H^LiP^J = 5(^i,...,^„),(i,...,i)mt 

(9) Af opf, = ^„,„,Af , (K?=ipfj o Af = <5(.„...,.j,(i,...,i)Af , 

(10) Af omf = n!Sym„o(pf)^", mfoAf=n!pf, 
where Sym„ G S'(Sch)(T„, T„) is the total symmetrization. (8) implies 

(11) mfoSym„ = mf, Sym„oAf = Af. 
Set 

{^N)nn := 

(7) implies that {En)ii = 0. 
We now prove that 

n 

= {EmUu omQ-mQo (^(5^.)^). 

i=l 
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(7) implies that {En)ii = 0, so the r.h.s. is (SAr)„.„ o = - 
Sym„ o(p^)^" = m^o(p^)^"oSym„ = (m^ o (p^)^" oSym„)"= m^, where the second equality 
follows from the first part of (10), the third equality follows from the equality Sym^ °(pf )^" = 
(pf )^" o Sym„ in S'(Sch), the fourth equality follows from pg = 0, and the last equality follows 
from the second part of (8) and the first part of (11). 
The second part of (10) implies that 

{^N)nn = O Al 

We then prove that = Er=i("Jv)n o - o (S7v)„„ as above. 

We also have = [{En)ii, Pn] as = and (S,y)ii = 0- It follows that if (Sjv)(iiag := 
Sn>i(^Ar)n«, then = (d/dt)|t=o Inn(idid +t{'E.N)diag){x'^) for G {mf , A^,pf }, hence for 
any x^ G S'(Sch)(i^, G) and any F,G € Ob(Sch). 

If we now sot En := (EN)diag + {'^N)off, we then get x'^ = (rf/di)|t=o Inn(idid +iSjv)(a;'5) 
for any G S{Sch){F,G), as wanted. 

The morphism := Inn(S)-i o $ : S{P) S'(Q) now satisfies o S{ip) = S{iQ). To 
prove the proposition, it remains to prove: 

Lemma 3.6. Let : S{P) — > S{Q) be a prop morphism such that o S{ip) = S{iQ), then 
there exists a prop morphism y : P — > Q such that $' — S{lp). 

Proof of Lemma. We have morphisms of Schur functors inji : id ^ S and pvi : S 
id, corresponding to the direct sum 5 = id © (®i/iS'*). These induce morphisms of props 
P = id(P) — > S{P) and S{Q) — > id(Q) = Q. We then define if as the composed morphism 

P ^ S(P) ^ 5(Q) ^ Q. If F, G are any Schur functors, we want to prove that the diagram 

S(P){F, G) ^ S{Q){F, G) 

-\ ^ 
(Bi,jP{S^{F),Si{G)) ' "> ®ijQ{S'{F),S^{G)) 

commutes, i.e., that for any pair of integers, the diagram 

ip(S'(F),S^G)) 

P{S'{F),Si{G)) > Q(5'(F), 5J(G)) 

\ . \ 
S{P){F, G) > 5(Q)(F, G) 

commutes. If F, G are any Schur functors, then the map '^{F, G) : P{F, G) Q{F, G) is the 

composition P(F,G) ^ P(S'(F), S'(G)) ~ 5'(P)(F,G) ^'^-S*^^ 5(Q)(F,G) ~ Q(S'(F), S'(G)) ^ 
Q(F, G), where the initial map is a; i— > ip{inji{G)) o x o ip{pri{F)) and the final map is 
y iQ{pi~i{G)) oy o ZQ(mji(F)). So we want to prove that the diagram 

'S>'(sUf),sUg)) 

S(P){S'{F), S^iG)) > S{Cl){S'{F),S^iG)) 

Cl{S\F),S\G)) Q(5HF),5^"(G)) 
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commutes, where the map (a) is a; ip{inji{S^ (G))) o x o ip[pri{S^{F))). the map (b) is 
y *q(p^i('S'"'(G))) ° y o «Q(mji(S'*(F))), the map (c) is a; i-^ injj{G) o x o pri{F), and the 
map (d) is a; 1-^ V'jiG) o x o inji{F). Here inji : S'^ ^ S and pri : S ^ are the canonical 
injection and projection attached to 5* = (Bj>QS^. 

To prove the commutativity of this diagram, we construct a surjective map S{P){F^\ G®-*) 
P{S\S^) and an injective map Q{S\S^) ^ 5(Q)(F®% G®^), and prove that the external di- 
agram in 

S(P){S'{F), S^{G)) ^'(^'(-^)'^'(Q))^ S{Q){S'{F), S^{G)) 



S(P){F®\G®^) P{S'{F),S^{G)) Cl{S'{F),S^{G)) ^ S{Q){F®\G®j) 



S{P){F,G) ^S{Q){F,G) 

commutes, where in this diagram the diagonal arrows arc defined by the condition that the 
triangles commute and the inner rectangle is the above diagram. The commutativity of the 
external diagram then implies that of the inner rectangle. 

We first construct the maps S'(P)(F®S G®^) -» P(S'*(F), S'J(G)) and Q{S'{F), S^G)) ^ 

5(Q)(F®% G®-'). There is a unique morphism of Schur functors Ui : S"^ ^ S o id®', given 

- -Hi 

by the composition S' ^ id®* S'®* = S* o id®' and h : S o id®' ^ S\ given by the 

Hi 

composition 5 o id®' = S*®' id®' ^ S\ Then 5(P)(F®', G®^') ^ P{S'{F), S^G)) is 
X ^ bj{G) o x o ai{F) and Q{S'{F), (G)) S'(Q)(i^®*, G®^') is y ^ aj{G) o y o b,{F). 
We now compute the diagonal maps. We define a, G S'(Sch)(id®\ S') ~ Sch(S'oid®', SoS') 

as the composition S o id®' ~ 5®' id®' ^ S' '"^-^ S o S\ Similarly, we define: 

• A e 5'(Sch)(id®', id) as the composition S o id®' ~ S^' id®' ^ S' S; 

• a[& S'(Sch)(S", id®') as the composition 5 o 5' ^""'if ^ S' ^ id®' "'i' S^' ~ 5 o id®'; 

. Mi 

• I3[ e S'(Sch)(id, id®*) as the composition 5 o id - 5 5* ^ id®' "''^ 5^' ~ S* o id®'. 
The diagonal map u is then x ^ S{ip){aj{G)) o x o S{ip){a'i{F)); the map v is x i-^ 

5(ip)(/3j(G)) o X o S{ip){Pl{F)): the map u' is y ^ S{iQ){a'j{G) o y o 5(jQ)(ai(F)); and the 
map v' is y' ^ S{tQ)i(}'^iG)) o y' o 5(zq)(A(F)). 

We now prove the commutativity of the external diagram, i.e., that 

u' o ^'{S\F), S^{G)) ou = v'o G) o v. 

Let X e S'(P)(F®%G®^). Then 

{u' o^'{S\F),S'iG))ou)ix) 

= iu' o ^'{S\F), S^{G))){S{ip){aj{G)) o x o 5(ip)(aKF))) 
= u'{S{ici){aj{G)) o $'(F®', G®^)(x) o S{ict){a^{F))) 

= 5(iQ)(a;.(G) o S(iQ)(a,(G)) o $'(i^®% G®^)(x) o 5(iQ)(a^(F)) o 5(iQ)(a,(F)) 
= S(iQ)(a;. o a,.(G)) o $'(F®', G®^)(a;) o S(iQ)(a^ o a,(F)), 
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where the second cquahty follows from $' o S{iQ) = <S'(«q). On the other hand, 

(w'o$'(F,G) 7;)(.t) 

= {v' o <i>'(^^, G))(5(zp)(/3, (G)) o X o SizpMiF))) 
= v'{S{^Qm{G)) o cf>'(F®\ G^-'Kx) o S{^M{F))) 

= 5(zq)(/3;(G)) o 5(*q)(/3,(G)) o cI>'(F®\ G®^Kx) o SizMiF)) o 5(zQ)(A(i^)) 
= 5(»q)(/?; o /3i(G)) o cf>'(F®\ G®^)(x) o 5(iQ)(/3^ o 
To prove that these terms are equal, we will prove that 

a ■ o = o /3i 

(an equality of endomorphisms of the Schur functor S o id®'). We have ai = inji{S'^) o hi, 

(3i = injiobi, a[ = aiopri{S^), j3[ = aiopri, so it suffices to show the equality pri (5*) omji(S'*) = 
prioinji- Butprjomjj = idgi, andprioinji = idid, which implies that j?ri(S'*)omji(S'*) = id^i. 
This ends the proof of the lemma, and hence of the proposition. □ 

3.6. Construction of commuting triangles of prop modules based on LBA. Let us 

then define : 5(£>add(LBA)) ^ S'(M„±^^(LBA)) by d±(X) := H^^ o a±(Inn(S)(X)) for 
X e SiDadd{T.BA))iF,G), and /3± : 5(LBA) ^ 5(M±^(LBA)) by /3±(ar) := a^{S{^)ix)) 
for X e 5 (LB A) (i^,G). 

Lemma 3.7. is a prop left S'(-Dadd(LBA))-modttfe morphism and $^ is a prop right 
S (LBA) -module morphism. 

Proof We have for X e 5(£»add(LBA))(F, G) and F G 5(L»add(LBA))(G, iJ), a^{YoX) = 
Yoa^{X). Then a^iYoX) = S^^ o 5^(5^ o y o X o S^^) = E^^ oa^{Y' oX') = S^^ oy'o 
(5±(X') = FoSg^oa±(SGoXo5-i) = Fod±(X), where Y' = ShoFo5-\ X' = SgoXoS^i. 
On the other hand, wc have for x £ S'(LBA)(F, G), /3^(x) = o /?^(x), so the prop module 
properties of /3± imply that for y G S'(LBA)(F, G), we have /3+(2/ o x) = P+{y) o (x^idi^^*) 
and $-{yox)=P+ (y) o (idi M * cop{x) ) . □ 

So we have commuting triangles of prop morphisms 



5(M±,(LBA)) 




5(LBA) — ^ SiDaddiLBA)) 

For F e Sch, set d| := d±(id^^^"'^^^''''^)'), 0$ := 0^{idp^^^'^); then 

d|,/3|G5(M±,(LBA))(F,F). 

The lemma implies that if x £ 5(LBA)(F,G), then /§+(x) = /?+ o (xM idi^"^* ), ^"(x) = 
o (idi^^^M * cop(x)), and if X e S'(Dadd(LBA))(F, G), then d±(X) = Xoa^. 
We have therefore 

(12) /3+ o (x^id^-^^*) = S'(<^)(x) o a+, o (idJ-^^M * cop{x)) = S{<p){x) o a^, 

forxe5(LBA)(F,G). 

For F — G and x = id^*-'"^^^ , we get f3p = a^. 

For G 5(Dadd(LBA))(F„G,) {i = 1,2), d±(XiHX2) = d±(Xi)Kd±(X2) so (^1^X2)0 
d|^Q = (Xiod|)Kl(X2odQ), so d|^Q = d|Kld^. Moreover, for / G Sch(F, G), (12) together 
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with S{(f) o S'(zlba) = S(iD^jaCLBA)) implies o ?:s(lba)(/) = is(Z5„dd(LBA))(/) ° &f- This 
implies that the ctp are obtained from dj^ by inflation (see Proposition 1.1). 
We now study a± e 5(M±,(LBA))(id, id) = M±,(LBA)(S, S). 

Let inji G Sch(id, S) and pri G Sch(5', id) be the canonical morphisms. Set := 
^SiD^MLBA)) ^ ^± ^ (LBA)^.^LBA-) ^ M± ,(LBA)(id, id). Then: 

Lemma 3.8. We have 

(13) afd = («fd)s, 

(14) d+ = ^(znj, op,)^«-(i'BA) , , ((^^ opr,)L^^Midl^^^*), 

fc>0 

(15) a7^ = J2itnjk o p,)^»<*<^(LBA) o „ (i^LBA ^^^^ ^ prfc)^^^* ), 

fe>0 

where S S>^ ^ id®^ id®'^ ^ 5^= '^i" S are the natural morphisms in Sch (with Pk°ik = 
prk o injk = idsh). 

Proof. We prove (14). For x = 5(iLBA)(pf) £ S'(LBA)(id, id), (12) together with S{ip) o 
S'(ilba) = 5'(i£,^^^(LBA)) gives d+ o (S'(iLBA)(p,^)Midi^'^ ) = S'(«D„^^(LBA))(pf ) o "ill- Re- 
call that af^ decomposes uniquely as X)„ m>o ^'^'Jm'"^'*^^^'*^^ o an,m o (p'^n^'^M idi ), where 
a„,m e M+^^(LBA)(5",5"); then the above identity imphes Eg>o ^"jf ° ° 

(pr^BA^idLBA-^ = Ep>o^«i""'''''^^^ ° «P,n ° (pr^BA^idLBA* )^ ^^^^ = forn ^ m. 
This implies that dj^ has the form J2n>o^''^j^'"^''^^^^^ ° Q^n ° (P'^^^'^M idi ^'^^ ), where a„ S 
M+,(LBA)(5",^"). 

For X = S{ii^BA){m^), (12) gives d+ o S{ii^BA){m^) = S'(ii,„^^(LBA))(wf ) o (d+ )^". Com- 
posing this equality with m j^^"*-^ id^ ^"^^ from the right and with prn'^'^'^^^^^^ from the left, 
we get 

a„ o (p^BA^id^BA*) ^p^.,,(LBA) „ 

(an identity in M+^^(LBA)(id®", 5")). Composing from the right by {in o prn)^^^md\^^' 
and from the left by injn'""'^^^^\ we find that injn^'"^^^^'' o a„ o (pr^BA^id^BA- ^ 
nth term of the r.h.s. of (14), which implies this identity. The identity on d;"^ is proved in the 
same way, which implies (13). □ 

By computing classical limits, one shows that = can[^ -I- terms of higher degree, and 
similarly = can[^ + terms of higher degree (can^ are defined after Lemma 3.1). 

Define af. G M^^^(LBA){F, F) by applying inflation (Proposition 1.1) to af^ G M^^^(LBA)(id, id). 
Since we have ctp^^ = apMa^, the maps Dadd(LBA) (i^,G) 3X^ Xoa^ G M±^(LBA)(F, G) 
and LBA(F,G) 9 a; h-> a+ o {xmd];^^') G Dadd(LBA)(F, G), resp., LBA(i^, G) 3 x ^ 
o (id^^^ Mcop o *(x)) G I?ad(i(LBA) {F, G) define a left prop Dad(i(LBA)-module morphism 
ct^ ■ £'add(LBA) — > M^^(LBA) and a right prop LBA-module morphism (5^ : LBA — > 
^a'id(LBA). 

Lemma 3.9. We have d± = 5(a±), /3± = S{I3^). 

Proof. This follows from the fact that if F G Ob(Sch), the identification S'(M^^^(LBA))(F, F) ~ 
M^^^(LBA)(F oS,FoS) takes d^ to a^^g. Let 7I G M^^^(LBA)(F oS,FoS)he the im- 
age of d^. Then (13) implies that = a^. On the other hand, the relations satisfied by 
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the imply that j^^g = 7I ^ 7^, and if / G Sch(F,G), then (/ o 5')^add(LBA) 07+ = 
7+ o ((/ o 5)LBA^idJ^^^*), (/ o 5)^ad<j(LBA) o 7+ = 7+ o (idi^^^M(/ ° S)^^^'). All these 
conditions are satisfied by the family (a^os)i='eOb(Sch)) and since they determine the family 
(7|)FeOb(Sch) uniquely, we obtain 7^ = a^^g, as wanted. □ 

Lemma 3.10. The diagrams of prop module morphisms 

Kljd(LBA) 




LBA 



commute. 

Proof. Let F,G G Ob(Sch). We know that the diagram 

5(M±,(LBA))(F,G) 



5(LB A) (F,G) 



5(Z)add(LBA))(i^,G) 



S{v){F,G) 

commutes, i.e., the inner triangle of the following diagram 

^a'i<i(LBA)(i^,G) 

M±,(LBA)(Fo5,Go5) 



LBA{FoS,GoS) 



<p{FoS,GoS) 



D„dd(LBA)(i?o5,G< 



LBA(F, G) 



. D„dd(LBA) (F,G) 



¥.(F,G) 

commutes. Here the maps between the triangles are 

LBA(F, G) ^ LBA(F oS,FoG), G{inji)^^^ 0x0 (F(pri))^^^, 

Dad4I^BA){F, G) ^ D„dd(LBA)(Fo5, FoG), X ^ G{injif^''^'^^^^oXo{F{pri))''^''^^^'^\ 

M+^(LBA)(F,G) ^ M+^(LBA)(Fo5,FoG), m ^ G(mii)^»<^<'(^^^)omo((F(pri))''^''^idi^''*), 
and 

M-^^(LBA)(F,G) ^ M-^^(LBA)(Fo5,FoG), m ^ G(mii)^»<^<'(^B^)omo(idi^B^^(F(pri))^^^*). 

Since these maps are injective, the commutativity of the outer triangle follows from that of the 
three side quadrilaterals. We now check the commutativity of these diagrams. The bottom 
diagram obviously commutes. The commutativity of the upper right diagram follows from the 
identities 



(16) 
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and the commutativity of the upper left diagram foUows from the identities 
(17) (G(znji))^»-(L^^) o a+ = a+^s ° ((G(^nJl))LB^Mid^^^^•), 

We now prove (16), (17). When F = id or G = id, these identities follow from the equations 
(14), (15) relating and aj^. Let us prove the first identity of (16). We denote its l.h.s. by 
and its r.h.s. by r]F. Both are elements of M^^(LBA)(i^ o S,F); {^F)FeSch satisfies the 
relations ^f»g = ^ £.g and for / € Sch(i^, G), /^^^^(lba) ^ ^ „ ( jS(lba)^jjLBA-^^ 
and (?7F)FeSch satisfies the same relations; we also have ^id = r/id- Applying the uniqueness 
proposition 1.1 to the biprop {F, G) h^- M+^^(LBA)(F o S, G) (over the props £)'"'''(LBA) and 
S'(LBA)), we get £^f = Vf for any F. The other identities are proved in the same way. □ 

3.7. The relation between ip and double. In particular, we have for x G LBA(F, G), 

ip{x) o = o {xmdi^^'), (p{x) o a" = o (id^^^M * cop{x)). 

We construct 7 G Z)add(LBA)(id, id)^ such that joa^ = can|^, where can^, e M^^(LBA)(id, id) 
have been defined in Section 3.1. 

We have canonical identifications Mj^^(LBA)(id, id) ~ LBA(id, id) and M~^^(LBA)(id, id) ~ 
LBA*(id,id); they send can|^ to id?^^^, resp., id?;^'*' . Let us again denote by the images 
of in LBA(id, id), resp., in LBA*(id,id). These elements expand as id|^^'*' + higher 
terms, resp., id?^^'^ + higher terms, hence they are invertible. Let us set 

7 := (a+)-iMid^^^* +id^^^^M(arJ-i, 
then 7 e (LBA^LBA*)(A(id), A(id)) C £'add(LBA)(id, id) is invertible, and satisfies 70 

We then set D := Inn(7) o tp. Then D : LBA —> Daddi^^-^) is a prop morphism. For any 
X e LBA(F,G), D{x) G LBA2(A(F), A(G)) and 

D{x) o can^ = can^ o(a;^idi^'*' ), D{x) o can^ = can^ o(idi^'*'^ * cop{x)), 
(the first identity is in LBA2(™i, A(G)) and the second identity is in LBA2(1M^', A(G))). 

Indeed, D{x) o can^ = 7g ° v'(-^) ° If^ ° canj = 7g ° 'fiix) o ap = IG ° c^g ° (s^Midi^''^ ) = 
can^ ©(x^id^"^^ ); the second identity is proved in the same way. 

This means that we have a commutative diagram of prop modules 




LBA 1 ^ Dadd{i^BA) 

D 

We will show: 

Proposition 3.4. For X a scalar, set Z\ := cxp(A(/xo(5)) e LBA(id,id). There exists a scalar 
A such that D = Inn(id?if ^id^'^'^* + id];^^ M * (Zx)) o double. 

Proof of Proposition. l) is uniquely determined by i)(/z) € Dodd(LBA)(A^, id) = LBA2(A^KI1C 
idpde 1^A^ id^l mid) and D{S) e Daddiid, A^) = LBA2(id^l mid, A^^l ® idpd® 
IMA^) = LBA2(idMl, A^Ml) ® LBA2(lMid, IMA^). 

In the finite dimensional case, the semiclassical limit of the Drinfeld double of the quanti- 
zation of a Lie bialgebra is D{a). The propic counterpart of this fact is that we have the 
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expansions D{ii) = double(/u) + terms of higher degree, D{5) = double((5) + terms of higher 
degree. 

We decompose D{fj,) as MA^^i.id^i+MidMid.id^i+Mid^id.iad+MiMid.iMA^ > where MA^m.idm ^ 
LBA2(A^H1, IdHl), etc. Similarly, we decompose D{S) as (^idEii.A^Eii + (^lEiid.iKlA^- 

The relation Z)(y^)ocan+2 = canj^ o/j, gives /UA^^i.id^i = A*- Similarly, Z)(/i)ocan~2 = can|^ o/j, 
gives /Xi^A2,iMid = ^• 

The relation can+2 oS = D{S) o canj^ gives (^id^i.A^^i = similarly, can~2 = D{S) o canj^ 

gives (5i^id,i^A2 = -/i. 

Let us set p := /iid^id,i^idj P Mid^id,id^i; wc identify — p with an element <t e LBA(r2, id) 
and p with an clement a G LBA(id, T2). We will write some equations satisfied by a and a. 

If (a, ^a, ^a) is a finite dimensional Lie bialgebra, then its double is S)(a) = a ® a* with the 
bracket 

[x,yh{a) = [x,y]a, [^,V\D{a) = [tv]a', [x,^]s>ia) = ad* - adf W 

where [a;, t/]a = fia{x,y), [—,—]„ = *^a, ad* is the coadjoint action of (a, [— ,— ]o) on a*, ad* is 
the coadjoint action of (o*, [— , — ]a*) on a; and with the cobracket 

5j){a){x) = Sa{x), (52(a)(0 = -Va(C); 

here x, y E a and ^,7] G a*. 

On the other hand, D gives rise to a composed prop morphism LBA ^ ^^^(^(LBA) — » 
Prop(o® 0*), hence to a Lie bialgebra structure on a® 0*, denoted {lJ''xi(a)^^'3{a))- '^^^ brackets 
and cobrackets for this structure are the same as above, except for 

^(a){x,0=P^AO+Pti^), 

where p" : a (8> a* — > a*, a; (g) ^ i-> p"(^) and p" : o (g) o* ^ a, a; (g) ^ /5^(a;) are the reahzations 
of p and p. The realization of a is then cr" : o®^ — > a, x ^ y a^{y), such that for any x G a, 

The fact that satisfies the Jacobi identity implies that cr[J„ = [c^S^'^y] (identity in 

End(o)) and the cocycle identity for the bracket Ms)(a)(^'0 implies a^{[y,z]) = [a^{y),z] + 
[y-c^S(^)] for any a;,y,2: G a. 

At the propic level, one shows that the Jacobi identity satisfied by D{p) and the cocycle 
identity satisfied by (£>(/u), D{S)) imply that a satisfies the universal versions of these identities 

ao{nm idjf ^) = cTo (idjf ^ Ma) - a o {idf^^ Ma) o (213), 

a o (idjf ^ H/i) = p o (cr K idjif ^) -po{a^ idjf^) o (132). 

a G LBA(T2,id) has the expansion p + terms of higher degree. Let a' be the nonzero homo- 
geneous term of smallest possible degree of a — if — 7^ 0, or if ct = /x. Then a' satisfies 
the equations 

a' o (idjf^ mp) = po {a' Kl idjf ^) -po{a'M idjf^) o (132), 
o-'o(/iKlid?f ^) = /i°(idjf ^ ma')+a' o{idl^^ K/i)-/xo(idJf ^ Klo-')o(213)-o-'o(id?f ^ Kl/x)o(213). 

Lemma 3.11. Let a' € LBA(id®^,id) satisfy the above identities; then a' is proportional to 
/xo((/io5)Kid?f^). 

Proof of Lemma. These identities imply 
(18) a'o{nm idl^^) =^io(^{a' -a'o (21)) K idj^f ^ ) . 
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The proof is a propic version of the following argument. The above identities are the universal 

versions of 

(19) <{[y,z]) = W:{y),z] + [y,a':{z)] 
(identity of maps a®^ — > a) and 

<,] = K",ad,]-[<,adJ 
(identity in End(a), where a,dx{y) = [x,y]) which is written 

= <{\V^A) - [y,<{z)] - «([x,.]) - [x,a'^\z)]). 
Taking into account (19), this gives 

<y[ly^{z) = W:{y)-a'y^{x),z]. 

We have: 

Fact 3.1. // A IS any Schur functor, the map LBA(id (g) A, id) LBA(T2 M A, id), x 
xo idid^^) is injective. 

Proof of Fact. The composed map ez,VKeirr(Sch) LCA(id, VT) (g) LCA{A,Z) (g) hA{W (g) 

Z, id) ~ LBA(id g) A, id) LBA(T2 ig) A, id) ~ ®Zi.z.iveirr(Sch) LCA(id, Zi) ® LCA(id, Z) g> 

LCA{A, W)(gLA{Zi(gZ(gW, id) ^ ez,vKeirr(Sch) LCA(id, Z)®LCA{A, W)®LA{idg)Zg)W, id), 

where the last projection is onto the sum of components with Zi = id, is the direct sum 

over W of the maps LA{Z g) W, id) LA(id g) Z g)W, id), X ^ X o (pz ^ id^ with 

the identity; here jiz G LA(id g) Z,Z) is induced by ij,\z\ G LA(id g) T\z\,T\z\) given by 
^ I z\ 

x^Xi® ..(^x\z\ I— > J2iJi xi^ ...®[x,Xi](Si ...(Six\z\- It follows from the first statement of [EH], 
Prop. 3.2, that this map is injective. It follows that the map LBA(id(g)j4, id) — > LBA{T2<SiA, id) 
is injective. □ 

We now prove the following fact: 

Fact 3.2. Assume that V^i, -02 e LBA(T2, id) are such that ^/Ji o (^ idl^^) = /U o (1/^2 ^ idid), 
then there exists V' S LBA(id, id), such that ■01 = fio [ijjM id[^^) and ^/'2 = V' ° 

Proof of Fact. We decompose ipi as ^pi ~ X^z weirr(Sch) ''Pzw^ where ip'z \y belongs to the 
image of LCA(id, Z) g) LCA(id, W) (g LA{Z g) W, id) ^ LBA(T2, id). Then o (/x K id?^^^) 
belongs to the image of ezi,Z2eirr(Sch) LCA(id, Zi) LCA(id, Z2) O LCA(id, W) (g) LA(Zi (g) 
Z2 (g) W, id) LBA(T3, id) while ;U o (1/^2 idf^^) belongs to the image of 

®Zi,Z2eirr(Sch) LCA(id, Zi)(g)LCA(id, Z2)ig)LCA(id, id)(g)LA(Zi(gZ2(g)id, id) ^ LBA(T3, id). 

Since this map is injective, this implies that for W ^ id, {J2z V'z w) ° if^^ = 0. Fact 

3.1 then implies that for such W, J2z V-'z = 0, so tjj'^ = J2z ^z id- 
Let us denote by std e LA{S g) id, id) the direct sum of all prop elements corresponding to 
xi...Xk X ^ SaeSfc [■^'^(1) ' [^CT(fe) ' ^]]- "^^^ PBW theorem for free algebras implies that 
the map 

LA{Z,S) LA(Z® id,id), 

AH^stdo(AKid[^d^^) is a linear isomorphism. The decomposition of LBA(F, G) using LA and 
LCA then implies that the map 

(20) LBA(A,5) ^LBA(A(g>id,id), x ^ std o {x M idl^^) 
is injective. 
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Then V^.id ^ LCA(id, Z) (g) LA{Z (g) id, id) ~ LCA(id, Z) ® LA{Z, S): wc denote by ^ 
the image of ipz id latter space (and by 'ipzk ^'^ component), which may be viewed 

as the element of LBA(id, S) such that std o{iPl g Kl idl^^) = -0^ ;^. 

We now have 

std o ((V^s o ^) K id[;f ^) = std o (V^a K idJif ^). 
It follows from the injcctivity of (20) that tpz k° 1^ ~ ^ ^'-'^ k 1, and tp^ i ° M = ''/'2- Now Fact 
3.1 implies that V'z ^ = for /c ^ 1, so if we set V := V'z n we have ipi = o (?/; H id?^^) and 

^2 = V' ° 1^ 

According to Fact 3.2, (18) implies that there exists / € LBA(id, id), such that 
(21) <7'-a'o(21) = /o^, a' = /.o(/Kid!f^). 

These identities imply that / satisfies the derivation identity /o/i = /io(/Hidijj + idj^j K/)- 
We proved in [E2] that this implies that / is proportional to /x o 5. Together with (21), this 
implies Lemma 3.11. □ 

It follows that a has the expansion /zo (1 — A(/Uo5) lEHdj^^"*^) + terms of higher degree, where 
A is a scalar. 

bmce a o (exp(A(At o 6)) m idfd ) satisfies the same identities as a, and has the expansion /z 
+ terms of 5-degree > 2, it is equal to n, hence 

C7 = At o (exp(A(M o 6)) m id^f ^). 

One proves similarly that for some scalar A', 

a = (idjf ^ m exp(-A'(/i o d))) o 6. 

The Jacobi identity for the bracket D{^) then implies that A = A'. 

To give an idea of the proof, we write conditions for the bracket [— , — ]a,a' on S)(a) (where a is 
a finite dimensional Lie bialgebra) to be Jacobi, where [— , — ]a,a' is given by the same formulas 
as above, except for 

[a;, S,]\.\' = ad*-AD„ (^) ^ - ad*A/D„ ^^^x, 
where Da is the derivation given by Da = /UqoJo© 

[-\HaoSa)] G End(a)©End(a*) C End(S)(a)). 

The Jacobi identity for S)(a) yields 

ad{([a;i,a;2]) = [ad^xi,a;2] + [a;i,ad^a;2] +a^^^^xi — ad* j»^ ^xy. 
for ^0*, xi,X2 G a. On the other hand, the Jacobi identity for [— , — ]a,A' implies that 

ad*/(bi ,a;2l) = \ad*<:,xuX9] + bi,ad*/a;2l +adL> «a;i - ad* i. f,X2 

where ^' = ^"(Oi replacing ^' by ^, the difference of these identities is 

ad*j. fXi — ad*j. ta;2 = ad*ri* fXi — adL* /:X2, 

which translates as an identity in End(o'^^) 

(ida(^Ma)°('5a®ida)o(ida'»(e(^'"^)^°-l)) = (Ida <^Ma) o ((^a (8)id„) o (ida (8)(e(^'-^)^° - 1)) o (21). 

One shows that at the propic level, the Jacobi identity for -D(/i) implies similarly (id?^^'^ Mfx) o 

{S m idjf ^) o (id?f ^ K(e(A'-A)(5o^) _ 1)) ^ (i^LBA ^ ^ j^LBA) ^ (j^LBA ^^g(A'-A)(ic^) _ 

1)) o (21). The lowest degree term of this identity is the product of A' — A by 

((id?i^^ Km) ° {S ^ idl^^) o (id^a^^ m{S o /x))) o ((12) - (21)); 
one checks that this is a nonzero element of LBA(T2, T2), so A = A'. 
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Wc now prove that t) = Inn(id?;f^ Midi + idi^^ ^ * (-^a)) o double. For this, one has 

to check that 

b{^i) = (idjf '^Mid^'^'^* +idl'^^l* (Za)) odoublc(/i) 

o (id^F^MidJ^^^* +id?f ^M* (Z;,) +id5;^^MA2 (*(^a)))"\ 

I){5) = ( id^?^ MidJ^^^* + idlf^ M * (Zx) + id^^^ M (*(^a))) 

odouble(5) o (idJ^d^^Midi^^* +id^^^ ^*{Zx)y\ 

The second identity, as well as the components A^^l id^l and l^A^ l^id of the first 
identity, follow from the fact that Zx is central in LBA, i.e., Inn(Z>) is the identity. 

Wc now show that 

(22) MidMid,idMi = doublc(^)id^id,idMi ° (idkf ^ M * (^a ^))' 

(23) MidMid,iMid = (idi'''^ M * (Zx)) o doublc(A*)idMid,iMid ° (i^l? ^ M * (^a"'))- 

Let us denote by ^ t-> | the canonical map LBA2(FMG, F'^G') LBA(F O G"*, f ® G*). 
Then for X e LBA(G*,G*) and y e LBA(G'*, G'*), we have [(idp' (?/)) (id^M* (a^))r = 
{idp' Klx) o |o (idiT By). 

Then /iid^id,idMi = ^ = (idid K1Z_a) o 5; on the other hand, {doublc(^)id^id,idMiF = so 
{double(/x)id^id,idMi ° (idJ^^^M* {Z-x))}'= (id^^^ K1Z_a) o 6, which implies (22). 

Similarly, /iid^id.iSid = -cr = -iJ.o{Z-x^idl^^); on the other hand, {double(/x)idffid,iMid}~= 
-II, so {(idi'^^M*(^A))odouble(M)id^id,i^ido(id?;f ^M*(^-A))r= Z^xoi-fiHidl^'^mZx) = 
—fi o {Z-x ^ idJd^^), where we used the fact that Z-x is central in LBA. This proves (23). 

3.8. Compatibility of Q with doubling operations. We now summarize our results. We 
have 

.,/• ; ( } ; o Double oQ"-^ = Double = Inn(S) o S{ip), 
if = Inn(7-i) oD, D = Inn(idjf ^ MidJ'^^* + id^'^'^* ^ * {Zx)) o double, 
which implies that 

DmuitiQ) ° Double o(3~i = Inn(A) o S'(double), 

where 

A = S o {j-')s o (idJi^^^idJ^^^* +idi^'^' m*{Zx))s G 5(i)„dc^(LBA))(id,id)^ 
which means that Q is compatible with the doubling operations, as wanted. 

4. Applications 

4.1. Finite dimensional Lie bialgebras. Let us say that the QUE algebra U is of finite type 
iff^ Prim(J7/?iJ7) is finite dimensional. Then a quantization functor gives rise to a category 
equivalence Q : {finite dimensional Lie bialgebras} {QUE algebras of finite type}. 

We also have an action of D4 on {finite dimensional Lie bialgebras} and on {QUE algebras 
of finite type}. We have also self-maps of {finite dimensional Lie bialgebras} and of {QUE 
algebras of finite type}, a ^ S)(a) and U i-^- D{U). 

Then it follows from Theorem 2.1 that if Q is an Etingof-Kazhdan functor, then Q{a*'^°'P) ~ 
(5(a)*^°P for any finite dimensional Lie bialgebra a, and from Theorem 3.1 that if Q is an 
Etingof-Kazhdan functor, then (5(2)(a)) ~ D{Q{a)) for any finite dimensional Lie bialgebra a. 
We recover in this way the result of [EKl]. 

^Prim(if) is the Lie algebra of primitive elements of a bialgebra H. 
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4.2. ±N-graded Lie bialgebras. Let us say that a ±N-graded Lie bialgebra is of finite type 
iff each fixed degree component is finite dimensional. Let us say that a ±N-graded QUE algebra 
U = (Bne±KUn is of finite type if: (a) Uo is of finite type, and (b) each J7„ is finitely generated 
as a module over Uq. 

The permutation *cop of {finite dimensional Lie bialgebras} extends to a bijection {N-graded 
Lie bialgebras of finite type} — > {— N-gradcd Lie bialgebras of finite type}. The self- map 
D of {finite dimensional Lie bialgebras} extends to a map {N-graded Lie bialgebras of finite 
type} {Z-graded Lie bialgebras of finite type}. 

Then the permutation -kcop of {QUE algebras of finite type} extends to a bijection -kcop : {N- 
graded QUE algebras of finite type} — > {—N-graded QUE algebras of finite type}. Moreover, 
the self-map D of {QUE algebras of finite type} extends to a map D : {N-graded QUE algebras 
of finite type} {Z-graded QUE algebras}. 

A quantization functor Q gives rise to functors Q : {±N-graded Lie bialgebras of finite 
type} {±N-graded QUE algebras of finite type} and Q : {Z-graded bialgebras} {Z-graded 
QUE algebras}. 

Then Theorem 2.1 implies that if a is a N-graded Lie bialgebra of finite type and Q if an 
Etingof-Kazhdan functor, then Q{a*'^°P) ~ Q{ay^°P and Theorem 3.1 implies that with the 
same assumptions, Q{'D{a)) ~ D{Q{a)). 

Theses result and those of the previous Subsection extend immediately to the super case. 

4.3. AfRne Lie superalgebras. In the rest of this section, k = C. Lie (bi)superalgcbras, QUE 
superalgebras, etc., mean Lie (bi)superalgebras, etc., in the category of vector superspaces, i.e., 
the category whose objects are Z/2Z-graded vector spaces; morphisms are even linear maps; 
the symmetry constraint is given by the usual sign rule. 

Let be an affine Lie superalgebra with symmetrized Cartan matrix (A, r), where A = 
{aij)i<i,j<s is a matrix with coefficients in C and r is a subset of / := {1, ...,s} determining 
the parity of the generators (see [vL]). Let di,. . . ,ds be nonzero rational numbers such that 
diOij = djttji for i,j € I. 

Let f) be the Cartan sub-superalgebra of g. There exists linearly independent sets {ai}ig/ C 
[)* and {hi}i£i C [) such that aj{hi) = aij\ up to isomorphism these sets arc determined 
by A. Let (— , — ) be the non-degenerate supersymmetric invariant bilinear form on q defined 
in Proposition 4.2 of [vL]. The restriction of this form to the Cartan sub-superalgebra f) is 
non-degenerate. Furthermore, {a, hi) = d~^ai{a) for alH G / and a € [). 

Let Q be the Lie superalgebra presented by generators hi, Cj, and fi for i G / (which are all 
even, except for the ej, fi for i e r, which are odd) and relations: 

(24) [hi, hj] = 0, [hi, ej] = aijej, [hi, fj] = -aijfj, [e,, fj] = Sijhi, i,j G /. 

Then g has a unique maximal ideal r which intersects f) trivially. We set g := g/r. When g is 

not of type A(n,n)^^\ Yamanc ([Yam]) wrote down explicit Scrrc-type relations generating r. 

The Lie algebra g is equipped with a Lie bi-superalgebra structure, which we now describe. 
Let n+ (resp., n_) be the nilpotent Lie sub-superalgebra of g generated by e^'s (resp., /j's). 
Let b± := n± © f) be the Borel Lie sub-supcralgebras of g. Let 77^ : b± — > g © [) be defined by 
r]±{x) = x(B (±5), where x is the image of x in f). Using this embedding we can regard b+ and 
b_ as Lie sub-superalgebras of g ® ^. Let (— , — )g©f, := (— , — ) ® [— (— , —)f)], where (— , — )[, is 
the restriction of (— , — ) to f). 

Proposition 4.1. (g® f), b+, b_) is a super Manin triple (where g is equipped with (— , — )ge(,^. 

Proof. Under the embedding ri±, the Lie subsuperalgebras b± are isotropic with respect to 
(— , — )g©f)- Since (— , — ) and (— , — )(, both are invariant super-symmetric nondegenerate bilinear 
forms, then so is (— , —)gQf)- Therefore the proposition follows. □ 
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The proposition implies that g ® t), b+ and b_ are Lie bi-superalgebras. Moreover, we have 
that fa!j_ = b^°^ as Lie bi-superalgebras, where * means the graded dual (for the principal grading 
on 0, given by \a\ = for a G t) and |ei| = 1 for i E I) and "^"p means changing the cobracket into 
its negative. The cobrackets of these Lie bi-superalgebras are given by the following formulas 
(see [G2]): 

(^(ei) = ylcj «) /li - /li (g) Ci) = A /li, S{fi) = -^fi A hi, (5(a) = 

for any i £ I and a S f) C b±. 

Then the map b+ — > b!j_ given by Cj i— > e| and hi i— > —■j:J2j=i^ji^j is an isomorphism 
of Lie bi-superalgebras (where hj,e* G b*^_ are defined by: hj has degree 0, h*j{hi) = Sij and 
e* has degree —1, e*(ej) = Sij, and in b^ the N-grading is changed into its opposite). This 
isomorphism restricts to the identification ()—>()* coming from the form — 2(— , — )(,. 

Define b± C g as the Lie sub-superalgebras generated by /i,,ej (resp., hi,fi), i G /. One 
checks that the above formulas define Lie bialgebra structures on b±. We have Lie bi-superalgebra 
morphisms b± b±. 

4.4. Qucintized affine Lie superalgebras. In this subsection we use the previous results 
to show that Yamane's [Yam] Drinfeld-Jimbo type superalgebras associated to certain affine 
Lie superalgebras are isomorphic to the corresponding Etingof-Kazhdan quantizations. The 
methods of this section are inspired by [EK3]. 

Let Qis, : Bialg S'(LBA) be an Etingof-Kazhdan functor. As above, Q$ gives rise to a func- 
tor (5$ : {±N-graded Lie bi-superalgebras of finite type, topologically free over C[[/;,]]} {±N- 
graded QUE superalgebras of finite type}; we then define l^ll"^ ■ {N-graded Lie bi-superalgebras 
of finite type over C} {QUE superalgebras over C}, by U^^{a, fia, Sa) Q*(ci[[fi]]) Mo) h.da)- 

Theorem 4.1. The quantized universal enveloping (QUE) superalgehraU^^ {b+) is isomorphic 
to the QUE superalgebra generated over C[[h]] by \) and the elements Ei fori G / (all generators 
are even except for Ei, i £ t which are odd) satisfying the relations 

(25) [a, a'] = 0, [a, Ei] = ai{a)Ei, 
with coproduct 

A(a) = a(g)l-hl(g)a, A{Ei) = Ei® q'^'^' -|- 1 ® 

for all a, a' e [} and i,j S /. (Here q = e^/"^ .) 

The theorem follows from the following two lemmas. 

Lemma 4.1. The QUE superalgebraU^^ {b+) is isomorphic to the QUE superalgebra generated 
over C[[?i]] by f) and the elements Ei, i G I (all generators are even except for Ei, i & t which 
are odd) satisfying the relations 

(26) [a, a'] = 0, [a, Ei] = ai{a)Ei, 
with coproduct 

(27) A(a) = a (g) 1 1 «) a, j:i,{Ei) = Ei ® q'^'- + Ei, 
for all a, a' G f) and i,j G / and suitable elements 7^ G ^[[h]]- 

Proof. An analogous lemma was proved in [G2] for finite dimensional Lie superalgebras of type 
A-G. The proof in [G2] does not use the finite dimensional condition. Thus, the proof of Lemma 
4.1 follows word for word as in the analogous lemma of [G2]. □ 

Lemma 4.2. 7^ = rfj/ij. 
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Proof. By the definition of b+, we have a (surjective) Lie bi-superalgebra morphism tt : b-|- ^ 
b+. Since Uf^^ is a functor, this induces a morphism of Hopf superalgebras U^^{b+) 
U^^{h+). This morphism is onto as it is onto modulo h. Therefore, U^^{b+) is generated by 
[) and Ei satisfying the relations (26)- (27) (and possibly other relations). So it suffices to show 
that the images of -fi, hi by Uf^^{TT) (again denoted 7^, hi) satisfy 7j = dihi in Uf^^{b+). 

As mentioned above b+ is self dual in the graded sense, i.e., b+ = b!]_ (as graded Lie bi- 
superalgebras, where one of the gradings is changed to its negative). Since is a functor, 

we get a N-graded isomorphism 

(28) wf^(b+)-wf^(b;) 

(again one of the gradings is changed to its negative). It follows from the discussion in Subsection 
4.3 that the restriction of this isomorphism to W^^(f)) comes from the identification f) — > f)* 
using the form — 2(— , — )f, on f). 

Using Theorem 2.1 with 6 = *cop, we have 

(29) l^n'^iK) - U^'^iK^y^""- 

Moreover, this theorem says that if y is a finite dimensional commutative and cocommutative 
Lie bialgebra, then the isomorphism Uj^^ {V*) ~ Uj^^ {V)* is induced by the bialgebra pairing 
U^^ {V) ®U^^ {V*) ~ S{V)[[h]]®S{V*)[[h]] -> C{{fi)) given by V (S)V* e ^ x ^ h-^^{x). 
Combining Equations (28) and (29) with U^^ih""^) ^ U^^{b+) we have 

U^^{b+)^U^^{b+r"^. 

This isomorphism gives rise to a nondegenerate bilinear form B : U^^ {b+)<SiU^^ {b+) — >■ C((7i)) 
which satisfies the following conditions 

B{xy, z) = B{x ® y, A(z)), B{x, yz) = B{A{x),y O z) 

s(g^g') = g-''^''^ 

where a, 6 G f) and x,y,z G U^^{b+) (the second line follows from the properties of the pairing 
Wf^(f)) (g)Z^|^^([}*) ^ 'C{{h)) recalled above). 

Let a G f) and i G /. Set Bi = B{Ei,Ei), which is nonzero. Using the above properties of B 
we have 

(30) BiQ^"'^'^ =B{Ei,q"Eiq-''). 

Prom relation [a,Ei] = ai{a)Ei it follows that q^iEiq~^' = q"*^^i^Ei and so 

(31) q^Eiq-" =q°''^''^Ei. 
Combining (30) and (31) we have 

= B{Ei,q''Eiq-'') = B{Ei,q'''^''^ Ei) = Biq"*^''\ 
Hence, (0,7^) = ai{a), but ai{a) = di{a, hi), and so 7^ = dtht, which completes the proof. □ 

Lemma 4.3. Let h := Kor(ZYf ^(tt) : U^^{b+) -> ZYf ^(b+)). Then h C U^^{b+) is m.axim.al 
with the following properties: is a graded bialgebra ideal, h-divisible (i.e., the quotient by it is 
h-torsion free), whose components of degree and 1 are zero. 

Proof. This is equivalent to saying that the maximal ideal of U^^{b+) with the same prop- 
erties is 0. Indeed, such an ideal Jn C U^^{b+) gives rise to a QUE superalgebraZY^'^(b4-)/Jft 
(because this is fi-torsion free, and by the Milnor-Moore theorem any quotient of an envelop- 
ing superalgebra is again an enveloping superalgebra) and to a QUE superalgebra morphism 
Uj^^{b+) (b+)/ Jh (because a bi-supcralgebra morphism between universal enveloping 

superalgebras is induced by a morphism of Lie superalgebras). The classical limit of this mor- 
phism is a surjective morphism b+ ^ j: of N-graded Lie superalgebras, which is the identity in 
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degrees and 1. Let i := Ker(b_|_ ^ y) is a Lie ideal and coideal. Then i^cb!^~fa„isa Lie 
sub-superalgebra, containing f) and the e*. Since fa_ is generated by these elements, i = 0, so 
b+ — > y is the identity of b+, so = 0. □ 

Theorem 4.2. There exists a unique bilinear form onU^^ {b+), taking values in C((?i)) and 
with the following properties 

C{xy, z) =C{x y, A(2;)), C{x, yz) =C{A{x), y z), 

C{q\q'') =q-^'''''\a,be (), C{Ei,Ej) =SijB{Ei, Ei), 

where B is given in the proof of Lemma 4.2. Moreover U^^{bj^) = Uj^^ {hj^)/ Ker(C) as QUE 
superalgebras. 

Proof. The existence and uniqueness follows from the fact that the superalgebra generated by 

the Ei is free (see Theorem 4.1). 

We will show that there is a nondcgcncratc bilinear form on {b-^-) with the same prop- 
erties as B. 

We first construct an isomorphism {h+Y"'^ Uj^^ {b+) of N-graded QUE algebras. Let 
T be the superalgebra presented by (25). We have an isomorphism U^^i^j^) ~ T of N-graded 
superalgebras. Let : T — > T®^ be the coproduct on T obtained from the coproduct of 
U^^{bjS). Let c S Aut(T) be the conjugation by q^^*/^, where Xi is a orthonormal basis for f). 
Then A^:^ = (c(^c)oAnoc-i. Let h := Ker(T ^ Ul^^{b+)). We have Aft(Jfi) c In®T+T®h. 
Therefore A-n{c{Ih)) C c(/;i) T + T (S) c{In), so by the maximality of I-n w.r.t. A_^, 
c{In) C I-h- Replacing h by —h, we get similarly c^^(/_;j) C 1^, so c(/^) = I_fi. It follows that 
c induces an isomorphism T//^ — > T/J_ft, intertwining the coproduct maps r//±ft — > (T/Jj-ft)®^ 
induced by A^ and A^.'^. This is an isomorphism U'^^{b+Y°P -> Uj^^{b+). 

From the proof of Lemma 4.2, we have that U^^{b+) ^ U^^ {b+y"^ ■ Combining this 
with the above isomorphism U^^{b+Y°^ ^ '^'^ obtain an isomorphism 14^^ {b+) = 

U^^ {b+Y . This isomorphism gives rise to the desired form on U^^{b+). 

It follows that C is the pull-back of the bilinear form B constructed in Lemma 4.2. Thus 
the image of the kernel of C is contained in the kernel of B under the natural projection. 
But the kernel of B is zero since the form is nondegenerate. Thus we have Ul^^{b+) = 
ZY,^^(b+)/Ker(C). □ 

In [Yam], Yamane introduced what we will call here the Drinfeld-Jimbo type quantization 
U^'^is) of as follows: U^-'{b±) := ZYf ^(b±)/ Ker(C±) (where C+=C and C_ is its analogue 
for Uj^^ {b^)); we have a non-degenerate pairing U^'^ {b+) ®Uj^'' {b-) C((fi)), which allows 
to identify Z^f''(b_) = Z^f '^(b+)*'=°P; then ^^^^"'(fl) := D{U^J {b+))/{i) ~ ()*). The superalgebra 
U^^{q) is a braided (i.e., quasitriangular) quantized universal enveloping superalgebra where 
the braiding is given by the universal i?-matrix. An immediate corollary of the above theorem 
is: 

Corollary 4.1. U^'^{b±) ~Z^^''(b±) as QUE superalgebras. 
We also have: 

Theorem 4.3. There exists an isomorphism of braided quantized universal enveloping (QUE) 
superalgebras: 

such that Q!|(, = idf). 
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Proof. We first construct an isomorphism between these QUE superalgcbras which is the iden- 
tity on 1) (disregarding the braiding). We have "'(fl) ~ "'(b+))/(l) ~ ()*) = ^(b+) (g> 
"'(b+)*™P/(() ~ t)*). CoroUary 4.1 yields an isomorphism ^^^"^(6+) ~ U^^{b+) inducing the 
identity on 1), hence an isomorphism D{U^-' {b+))/H} ~ I)*) ~ ^(b+))/(l) ~ t)*) induc- 
ing the identity on [3. Since quantization commutes with the double, we have an isomorphism 
D{U^^{b+)) ~ ^(D(b+)). The fact that this isomorphism induces the identity on [} ® ^* is 
a consequence of the following property of the isomorphism D{U^^ (a)) ZY|'^(S)(a)): 

Lemma 4.4. For N-graded Lie bi(super) algebra morphism,s b a and a b such that b — > 
a b is the identity, we get a morphism D{b) in the same way, if A,B are N- 

graded QUE algebra of finite type, QUE algebra m,orphisms B ^ A and A ^ B such that 
B ^ A ^ B is the identity give rise to a morphism D{B) D{A); taking [B A) := 
U^^{b a), {A B) := U^^ {a b), we get a morphism D{U^'^{b)) D{Uj^^{a)); the 

U^^iDib)) ^ U^'^ma)) 
diagram I | commutes. 

DiU^ib)) ^ D{una)) 

Proof of Lemma. We have (a) = {S{a)[[h]],m{na,fiSa),A{iJ.a,h6a)). The isomorphism 
U^'^{a)®U^^{aY''°P ~ D{U^^{a)) ~ Z^f^(S)(a)) is induced by a map A-i(/i„,Ma) : 5'(a) (g) 
S{a*)[\h]] 5(affi a*)[[h]], where A e LBA2(S'M5', 5^5)^. Wo thus have to show that 
X-^ilia,hSa)oS{i(Bp') = S{i(Bp')oX-^{fn,,hSi,) (equality of maps 5(b©b*)[[fi]] ^ S'(a©o*)[[n]]). 
Let A e LBA(5'®^, S*®^) be the element corresponding to A~^, then we should show that 
(ids(o) 0'S'(p))oA(/Xa, Ma) o(5'(i)(g)ids(a)) = (S'(i)(8)ids(b))oA(/i(,,Mt,)o(ids(b)(8)S'(p)) (equal- 
ity of maps Sib ® a)[[h]] -> S'(a © b)[[h]]). 

A is a sum Ez, , 3eirr(Sch) Ea(^?^-^2 )°(«?K«2 ), where E« «)k^«)A?® A^ € LCA(5, Zi® 
Z2) (g) LCA(S', Zaj ® LA{ZuS) LA(Z2 (8> Z3, S). 

Then 

(ids(a) o HfJ-a, fiSa) ° {S{i) (8> ids(„)) 

= (ids(„) ^^(p)) °[ Yl (^^Ci""' ^^») ® (A*o, hSa)) o «(/ia, M„) <(/Xa, M„))) o (5(i) (g) ids(„)) 

= ^^a) A^(Aib, Mb)) o (idz,(„) <»Z2{p) (g Z3(p)) o (^i(i) ® ^2(i) «> idz3(i)) 

•Zi,2,3iQ: 

O {Kf{lJ.b,fi6b) (8> K2 (/"a, Ma)) 

= (A?(/ia,M„) (8> A^(/ib,M6)) o (Zi(i) (8>id2,(6) (8>Z3(p)) ° «(/Ub,Mb) K^{Ha,hSa)) 

^1,2, 3, a 

= (S'(«)®ids(b))° ( 51 (A?(Mb,Mb)® A^(/ib,Mb))o(K«(/ib,Mb)(8iK?(Atb,M6))) o (ids(„) (^^(p)) 
= {S{i) eg) ids(b)) o A(/Xb, Mb) o (ids(a) <»S{p)), 

as wanted; the second and fourth equalities follow from the fact that p and i are Lie bialgebra 
morphisms, the third one follows from p o i = idb . □ 

Wc thus get an isomorphism L>(Wf ^(b+))/(f) t)*) - ^(D(b+))/(l) ci; 1)*) = iYf^(0) 
inducing the identity on i). We thus have an QUE isomorphism UI^'^{q) ~ Uj^^^g), inducing 
the isomorphism on f). 

This isomorphism is actually an isomorphism of braided QUE superalgcbras. This follows 
from the fact that the E-matrix is uniquely determined by its degree 1 part and its relations 
with the comultiplication of the Hopf superalgebra. For a proof of this fact see [KhT] . □ 
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When Q is not of type A{n,n)^^\ Yamane wrote down generators for Ker(C±) in terms 
of the Ei,Fi. This gives exphcit presentations of ^^^"'(b±) and U^^{q). He also gave an 
expHcit formula for the i?-matrix. The above corollaries then imply that these QUE (braided) 
superalgebras identify with U^^{b±), U^^{q). 

4.5. Category O. In this subsection we show that the category O for g can be deformed to 
an analogous category over U^"^ {q). We then give a Drinfeld-Kohno type theorem for affine Lie 
superalgebras. This subsection follows [EK3] where similar results are proved for Kac-Moody 
Lie algebras. 

Let 0[[h)[\ be the deformed category O for fl, i.e., representations of q on topologically free 
C[[/i]] -modules which are [)-diagonalizable, have finite dimensional weight spaces and whose 

weights belong to a union of finitely many cones A — ^Ncti, A G f)*[[?i]]. 

In a similar way one defines Of^ to be the category of topologically free Z-/^'^(0)-modules 
whose weights satisfy the above conditions. The category On is a braided tensor category 
where the braiding comes from the universal i?- matrix of Uf^'^ (q). 

Let fi G 0®^ be the inverse element corresponding to the bilinear form (— ,— ) (fl®^ = 
ffia,b0a ® Sb, whcrc g dccomposes as (BaQa for the principal grading). The action of fl is well- 
defined on the tensor product of two moclulcs from the category Following Drinfeld, we 
give 0[[/i]] a braided tensor structure with associator <I'(fiili2, fif223) and braiding q^^. 

Theorem 4.4. There exists a functor F : 0[[h]] On which is an equivalence of braided tensor 
categories and commuting with the forgetful functors 0[[f{\],Oh {t)-graded C[[h\]-modules} . 

Proof Theorem 4.3 allows us to replace ^^''(fl) with I?(W|^^(b+))/(f) = f)*). Therefore, it 
is enough to construct a functor between the corresponding categories for the superalgebras 
S(b+) and D{U^^{b+)). 

In the non-super case such a functor was defined in Theorem 4.1 of [EK3]. Since Theorem 
4.1 of [EK3] is formulated in the general categorical language of [EK2] it is easy to check it 
generalizes to the super setting and so the theorem follows. 

□ 

Let V be a module of 0[[h]] and let Vq be its image under F in On- Let i3„ = (crj) be the 
braid group. Define pn to be the representation of B„ on V^®" given by 

* Ti,i+lRii+l 

where Tj^j+i is the super permutation of the ith and the {i + l)th component and R is the 
universal i?-matrix of ^^^'^(g). 

On the other hand, consider the Knizhnik-Zamolodchikov system of differential equations 
with respect to a function u){zi, Zn) of complex variables Zi, Zn with values in y®": 

(32) ^ fljjUJ 

dzi 2m ^ Zi — Zi ' 

This system of equations defines a flat connection on the trivial bundle 1^ x V®'^ , where 
Yn = {{zi,...,Zn)\i 7^ j implies Zi ^ Zj} C C". This connection determines a monodromy 
representation from tti (F„) to Autc[[;i]] (F®") (as it is a direct sum of connections in the weight 
spaces, which are finite dimensional). Moreover, since the system of equations (32) is invariant 
under the action of the symmetric group we obtain a monodromy representation 

p^^:^i(X„,p)^Autc[[;.]](y^") 

where X„ =Yn/Sn and p = (l,2,...,n) G C". Finally, we identify 7ri(X„,p) with the braid 
group Bn to get a monodromy representation of B„. 
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Theorem 4.5. (The Drinfeld-Kohno theorem for affine Lie superalgebras) The representations 

Pn and p^^ are equivalent. 

Proof. Let Pn"^^ be the representation of Bn on y®" induced by the i?-matrix Rkz — e^^/"^ 
in the category ©[[/i]] with the Knizhnik-Zamolodchikov associator ^kz- From Theorem 4.4 
we have that p^'^^ and pn correspond to each other under the braided tensor functor F. The 
theorem follows since p^^ coincides with p^^^ when <& = '^kz- D 
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